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INTRODUCTION AND HISTORICAL OVERVIEW 
1.1 Brief History : 
The theory of Elasticity is a subject which has a very long history 
and still has a deep interest in it. In fact it finds its application in the 
diversified development of the modern age. The theory of elasticity is 
concerned with the study of the response of elastic bodies to the action 
of forces. The elastic property is characterized mathematically by certain 
functional relationships connecting forces and displacements, to obtain 
results which shall be more appropriate in applications to Architecture 
engineering and other useful arts in which the material of construction is 
solid. The first mathematician who considered the natiu'e of the resistance 
of solids to rupture was Galileo. The first fundamental general equations 
of equilibrium and vibration of elastic solids were given by Navier in 
1821. The foundation of the mathematical theory of elasticity was laid 
down at the beginning of nineteenth century by Cauchy, Poisson, George 
Green, Clapeyron among others, and later on it became a subject of interest 
for mathematicians and physicists alike. It was developed as a classical 
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subject making it a formulation of the problems in displacements or 
stresses. A general formulation of the problems of elasticity in 
displacements was due to G. Lame, while such a formulation in stresses 
was given by E. Beltrami. 
The general three-dimensional problems of elasticity involve a lot 
of calculations. On the other hand 'plane case' brings great simplification 
of calculations. The problem of the theory of elasticity was formulated 
with the help of potential functions by Airy [3], [4]. Since plane problems 
are of particular interest from the practical and technical stand point, 
Airy's initial results were followed by extremely numerous workers using 
a great variety of mathematical methods. A detailed bibliography may be 
found in Goodier et. al. [29], Love [49], Novozhilov [67], Sokolnikoff 
[81], Timoshenko [86], Wang [92] and Westergaard [94] . 
1.2 Plane Problems: 
The plane problem of the theory of elasticity is in no way less 
important and it covers a great variety of physical situations. The two 
dimensional problems of elasticity are classified in three categories: 
(a) Plane State of Strain: 
In the classical case of a plane state of strain, three components of 
the strain tensor are taken equal to zero 
ezz = ey, = e „ = 0 , (1.2-1) 
where e^, t^ and e^ are components of strain tensor. The other remaining 
components e^, e^ ^ and e^ are different from zero and independent of 
the z-coordinate. Examples under this category are hea\7 dams, tubes, 
supporting walls, vaults, factory chimneys,long plates, pressure tubes etc. 
(b) Plane State of Stress: 
In the classical case of a plane state of stress, it is assumed that 
three components of the stress tensor are equal to zero 
^zz=V = ^ « - 0 ' (12-2) 
the remaining components of stress tensor not identically equal to zoro, 
but independent of the z-coordinates. The case of plane state of stress 
corresponds to a plane plate of constant thickness free of load on the 
parallel faces and acted upon on its boundary by load parallel to the middle 
plane and uniformly distributed along the thickness of the plate. It covers 
the cases of deep beams without parallel boundaries, frame corners, 
junction plates for metallic structures, many machine parts, connecting 
rods and tall buildings in seismic areas etc. 
(c) Generalized Plane Stress: 
This is the plane state of stress in a thin plate of thickness 2h in 
which X = 0 throughout the plate, but x ^ = x^  = 0 only on the plane 
surface of the plate. Thus 
x^ = 0, for all z, (1.2-3a) 
x^z = V ^ ' atz = ±h. (1.2-3b) 
If the stresses and strains may also depend on z-coordinate, then we 
have a state of stress varying parabolically upon the plate thickness in 
the case of plane state of stress and linearly along the generatrix in the 
case of plane state of strain. However, the case of plane state of stress 
may be obtained for a plane plate whose thickness tends to zero [59]. 
1.3 Equations of Equilibrium: 
All the above categories of the two-dimensional problems lead to 
the same mathematical formulation. The equilibrium equations in terms 
of stresses are given as follows: 
dx . dx^ 
+ dx dy 
+ X, = 0, (1.3-la) 
dx dx 
— ^ + — ^ + X2 = 0, (1.3-lb) 
dx dy 
where X,, X^ are the components of the body forces, x^, x^the normal 
stresses and x the shearing stress. The relation between the components 
of the strain and the displacements u, v are given by : 
du d\ du d\ 
(1.3-2) dx dy 
The stress-strain relations 
1 
e = — (T - VX, ), 
XX — ^ XX yy "^  
1 
e = — (x - vx ), 
yV _ V yy XX >" 
1 
' ^xy 
ay dx 
(1.2-3a) 
(1.2-3b) 
(1.2-3C) 
are valid for plane stress, where E is Young's modulus, v the Poisson's 
ratio and |i the modulus of rigidity, and 
E = 2 n ( l + v ) . (1.3-4) 
For the case of plane state of strain the same formulations are valid if the 
elastic constants E and v are replaced by E^^ and v^ ,, where 
4 
E o - - -^ \ - - • (1.3-5) 
I - v^ 1 - V 
Airy [3], [4] has shown that, in absence of body forces, equations of 
equilibrium (1.3-1) are satisfied if we take 
dy^ ^^ dx^ ^^ dxdy 
where U = U(x, y) is an arbitrary function. But Maxwell [55], [56] showed 
that the strain continuity equation, written in stresses in the form 
V2(x +x ) = 0, (1.3.-7) 
^ XX y y ' ' ^ ' 
where V^ is plane Laplace's operator given by 
72 = 
- + (1.3-8) 
must also be satisfied. Hence the function U(x, y), known as Airy's 
function, must be biharmonic 
V^U(x, y) = 0. (1.3-9) 
The Airy's stress function has been interpreted in several ways and 
au 
has a great significance. The tangential derivative is the shear 
5s 
au 
force T (with the sign changed) and the normal derivative is the 
an 
axial force N in an imaginary beam. 
1.4 Axisymmetric Problems : 
In stress analysis many problems which are of practical importance 
are concerned with a solid of revolution deformed symmetrically with 
respect to the axis of revolution. In such cases, the cylindrical coordinates 
(r, 9, z) with corresponding displacement components u. v, and w, the 
components v vanishes and u, w are independent of 9. The stress 
components are also independent of 8, two of them, t^ and x^ ,^ being 
zero. The equations of equilibrium are given as follows: 
dx dx X ~ X 
— ^ + — ^ + — ^ = 0, (1.4-1) 
dx dz r 
5x„ 5x„ x„ 
— ^ + — ^ + ^:^ = 0. (1.4-2) 
dr dz r 
The general strain-displacement relations in cylindrical coordinates are 
given as : 
Ow 
e, = , (1.4-3) 
dz 
t= + . (1.4-4) 
du 
dr 
du 5w 
 
u 
r 
rz dz dr 
Indentation problem of a semi-infinite medium by an axisymmetrical 
punch can be discussed under this category. 
1.5 Fracture Mechanics: 
Many such or other types of examples may be recounted which 
emphasize the need of study of safety, stability and reliability of structures 
and consequently emerged the field of fracture mechanics. Broadly 
speaking fracture mechanics may be defined as quantifying the conditions 
under which a load-bearing body can fail due to the enlargement of a 
dominant crack initiated and contained in that body. In order to make 
successful use of fracture mechanics in engineering applications it is 
essential to have some knowledge of the total field of fracture mechanics. 
The broad field of fractrue mechanics is depicted in Fig 1. As depicted 
in Fig. 1 several desciplines are involved in development of fracture 
mechanics design procedures. At the right end of the scale is engineering 
load and stress analysis. Applied mechanics provides the crack tip stress 
fields as well as the elastic and plastic deformations of the material in 
the vicinity of the crack. The predictions made about fracture strength 
can be checked experimentally. Material science concerns itself with the 
fracture process on the scale of atoms and dislocations to that of impurities 
and grains. From the comprehensive study of these processes the criteria 
which govern growth and fracture should be obtainable. These criteria 
have to be used to predict the behaviour of a crack in a given stress-
strain field. 
1.6 Linear Elastic Fracture Mechanics: 
Linear elastic fracture mechanics technology is based on an analytical 
procedure that relates the stress-field magnitude and distribution in the 
vicinity of a crack tip to the nominal stress applied to the structural 
members, to the size, shape and orientation of the crack or crack-like 
discontinuity and to material properties. The fundamental principle of 
fracture mechanics is that stress field ahead of a sharp crack in a structural 
member can be characterised in terms of a single parameter K, the stress 
-intensity factor. This parameter is related to both the nominal stress level 
(o) in the member and the size of the crack present (a). 
To establish methods of stress analysis for cracks in solids, it is 
convenient to define three types of relative movements of two crack 
fracture 
J L 
fracture processes 
and criterio 
. plasticity 
J L —*-meters J I I 
testing 
i 
X 
f 
applications 
juX^J^^^ 
J L 
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Fig. 1 The broad l ield of fracture mechanics 
surfaces. These displacement modes, shown in Fig. 2, represents the local 
deformation in an infinitesimal element containing a crack front. 
(a) Mode I: The Opening Mode 
This is characterized by local displacements that are symmetric with 
respect to x-y and x-z planes. The two fracture surfaces are displaced 
perpendicular to each other in opposite directions. 
(b) Mode II: Sliding Mode 
Local displacements in sliding or shear mode are symmetric with 
respect to x-y plane and skew symmetric with respect to x-z plane. The 
two fracture surfaces slide over each other in a direction perpendicular 
to the line of the crack tip. 
(c) Mode III: Tearing Mode 
The mode III is associated with the local displacements that are skew 
symmetric with respect to both x-y and x-z planes. The two fracture 
surfaces slide over each other in a direction that is parallel to the line of 
the crack front. 
By using a method developed by Westergaard [95], Irwin {40] found 
that the stress and the displacement fields in the vicinity of crack tips 
subjected to the three modes of deformation are given by : 
MODE I: 
K, e e 36 
1= c o s — 1 1 - s i n — sin 1, (16-1) 
'" (27ir)'^ 2 *- 2 2 ^ 
K, e e 39 
V = cos—11 + sin—sin J, (16-2) 
'• (27rr)' 2 2 ^ 2 2 
model I model II 
o p e n i n g mode sl iding mode 
Fig. 2 The Three modes of cracking. 
model III 
t ea r i ng mode 
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K, e G 39 
1 = sin — cos—cos , (1.6-3) 
x\ (27tr)'2 2 2 2 
^zz= v ( x ^ + S , ) ' (16-4) 
^ x z = V = 0 , (1.6-5) 
K G G 
u = —!-[r/27r]' 2 cos — [ 1 - 2v + sin^ — ], (1.6-6) 
H 2 2 
K G G 
u = —!-[r/27t]' 2 sin — [2 - 2v - cos^ — ], (1.6-7) 
• H 2 2 
(1.6.8) 
e 6 39 
s i n — [ 2 + cos —cos ] , (16-9) 
2 2 2 
9 e 3G 
sin— cos — cos , (1.6-10) 
2 2 2 
G G 3G 
c o s — [ 1 - sin —sin ] , (1.6-11) 
(27cr)'' 2 2 2 
^zz= V ( X ^ + T ^ , ) , (1.6-12) 
K„ 6 9 
u^= [r/2x]'2 sin — [2 - 2v + cos^ — ], (1.6-14) 
H 2 2 
K,j G 6 
u^ . = [T/2KV^ cos — [-1 + 2v + sin^ — ], (1.6-15) 
\i 2 2 
u^=0. (1.6-16) 
)EII 
- ^ x x ^ -
^y> " 
X = 
•^,1 
(27tr)'' 
^ . 
(2j!r)'^ 
K„ 
11 
MODE 111 
^KZ = 
V = 
^xx = 
" x = ' 
\ = 
sin 
(27ir)''^ 
cos -
(27cr)"2 
"yy zz xy 
», = o. 
' ^ i i i 
0 
2 
e 
2 
= 0 
sin -
» 
0 
2 
(1.6-17) 
(1.6-18) 
(1.6-19) 
(1.6-20) 
(1.6-21) 
where the stress components and the co-ordinates r and 0 are shown in 
Fig. 3; u ,^ u and u^  are the displacements in x, y and z directions, 
respectively; v is Poisson's ratio and |ji is the shear modulus of elasticity. 
1.7 The Hilbert Problem: 
We start with the definition of sectionally holomorphic fucntion. 
n 
Let L = U L , the union of a finite number of simple, non-intersecting 
i=l 
arc and contours in complex z-plane. These L(i = 1, 2, 3, n) are 
the smooth arcs and contours. Let the end points, if any, of L. be denoted 
by Ej and bj(i = 1, 2, 3, n). Let S denotes the plane cut along L. 
The function F(z) defined on S, barring on L, is said to be sectionally 
holomorphic in it, if following conditions are satisfied: 
(a) The function F(z) is holomorphic everywhere in S. 
(b) The function F(z) is continuous from the left and from the right at 
all points of L, other than the end points aj,, b^^ of L^  (k == 1,2.3, n). 
(c) Near the end points a^ , \ 
12 
FiQ. 3 Coordinate system and stress components ahead of a crock tip-
A 
|F(z)| < , 0 < n < « , 
iz - dr^  
where d is any one of the ends a^ ., b .^ A is a positive constant also TI is a 
constant subjected to above stated condition. 
The Hilbert porblem of the sectionally holomorphic function F(z) 
with the line of discontinuity L the boundary values of which from the 
left and from the right satisfy the condition, 
F (t) = G(t) F (t) + f(t) onL, (1.7-1) 
(except at the ends), where G(t) and f(t) are functions given on L and 
G(t) ?t 0, everywhere on L. If f(t) = 0, everywhere on L the problem is 
called homogeneous Hilbert problem. 
1.8 The Dugdale Model and Crack-tip Opening Displacement: 
The tensile stresses applied to a body that contains a crack tend to 
open the crack and to displace its sufaces in a direction normal to its 
plane. For small crack-tip displacement and small plastic deformation at 
the crack tip, the stress and strain fields in the vicinity of the crack tip 
can be described by linear-elastic analysis. As the size of the plastic zone 
and the displacement at the crack tip increase, the stress and strain 
distributions in the neighbourhood are better characterized by using 
elastic-plastic analysis. 
Dugdale proposed a simple analytical model that accounts, in part, 
for the plastic deformation at the tip of the stationary crack. In his model, 
Dugdale considered a through thickness crack in an infinite plate that is 
subjected to tensile stress normal to the plane of the crack. Fig. 4. The 
crack is considered to have a length equal to 2a + 2r .^ At each end of the 
14 
1 I 1 1 1 1 1 1 1 1 1 
Yieldld zone 
Crock 
I I I 1 1 I I I 1 1 1 
Fig. A The Dugdale crock 
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physical crack of length 2a, there is a plastic zone of length r^ , subjected 
to yield point stress that tends to close the crack or in reality, to prevent 
the crack from opening. 
For plane stress condition, the crack opening displacement, 6(a), is 
given by 
2(a + r^ ,) , , sin(P - <|>) . , (sinp + sin<}»)2 
5(a) = —G^. |cos<|)ln{ } + cosp In { }J, 
TcE " s i n ^ O + (j))' ( s i n P - sin<j>) 
(1.8-1) 
where 
(|» = cos-MK/(a + r^)}, 
p = (71/2) (a / a J, 
(r^/a) = seep - 1, 
a^ ,j = yield strength for the material, 
E = modulus of elasticity. 
The crack-opening displacement at the tip of the physical crack is given 
by the equation: 
8a a 
5 = —^-^~ In (secP), 
TtE 
(1.8-2) 
Ea ECT 
ys ys 
1.9 Methods of Solution: 
As a plane problem plays quite an important role from the mechanical 
stand point, so many methods of varying types have been discussed. 
Here, we shall discuss some of them as they appear more elegant and 
easy from practical and calculation points of view. 
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(a) Complex Variable Method: 
The method of complex variable was developed during the middle 
of nineteenth century and became very popular. This is found to be very 
convenient in formulating the plane problems of elasticity. In plane 
problems the z-coordinate is completely absent from discussion, hence it 
should not be confused with the complex variable z = x + iy. The major 
development in the field of two-dimensional elasticity has been 
Muskhelishvili's [60], work on the complex form of the plane equations 
of elasticity. Proceeding from the representation given by Love [49] for 
the components of the displacement vector, Kolosov [43], [44] gave a 
representation of complex displacements and stresses (in the absence of 
body forces) of the form. 
•^xx + -^ yy^  4[f (Z) + «|)'(Z)], (1.9-1) 
x^ - x^ + 2ix^= 4[ I (|>'(z) + M/'(z)], (1.9-2) 
H(u + iv) = K (|»(z) - z (j>'(z) - M/(z), (1.9-3) 
where <|>(z) and \if{z) are analytic function of z (z = x + iy), the prime sign 
indicates the derivative and bar on a quantity represents its complex 
conjugate and K is defined by relation (2.2-9). After imposing the 
boundary conditions, the three fundamental problems of the theory of 
elasticity can be reduced to problems of complex variable functions. 
Love [49] and Muskhelishvili [61]-[64] etc. made a remarkable 
contribution to the development of the subject in this direction. Apart 
from Muskhelishvili's treatise [60], these investigations are presented in 
17 
various books on elasticity [32], [81], [86]. Later on, Stevenson [82], 
[83] refound independently the method of Kolosov and Muskhelishvili. 
Milne-Thomson discussed many boundary-value problems in his 
monograph [57]. The basic tools of the complex variable technique is 
conformal mapping of the domain under consideration. For performing 
this transformation, power series or Fourier series under complex form 
as well as the representation on the interior (finite domain) or exterior 
(infinite domain) of a circle or the representation on a circular annulus 
(for doubly connected regions) are used. The mapping functions were 
used, for the first time, in the form of polynomials by Almansi [9], [10]. 
Martini [54] and Milne-Thomson [57] have discussed the domains acted 
upon by concentrated forces. Muskhelishvili has also given the method 
of solution of plane problems of elasticity using the properties of Cauchy-
type integrals, 
(b) Indirect and Direct Methods: 
As discussed earlier, the basic problem is the determination of the 
stress function. The indirect method consists in assuming a certain state 
of stress in the interior of the body satisfying the boundary conditions 
and in verifying that all equations of elasticity are fully satisfied. If they 
are not satisfied then some other stress function has to be chosen and the 
computation repeated. The direct method is in selecting the potential 
function including certain arbitrary parameters which are ultimately found 
out with the help of boundary conditions. Another aspect of the direct 
method consists in approaching a problem through a general method like 
18 
finite-difference method, complex variable method etc. which may lead 
to systematic calculations. Sen [73], [74], however, independently 
developed a direct method which is quite different from those of 
Muskhelishvili and others. He employed the method to solve several 
problems in a very elegant and direct way. This method involves the 
selection of a suitable form of complex potential containing certain 
unknown constants. These constants are ultimately found out by satisfying 
the given boundary conditions. Later on various workers adopted this 
mentod to solve a variety of plane problems [7], [69]. 
(c) Integral Transform Technique: 
The method of integral transform is also very convenient for solving 
plane problems of the mathematical theory of elasticity. This method has 
been found to be very helpful in the case of punch and crack problems. 
Integral transforms like Fourier transform, Mellin transform, Hankel 
transform etc. are employed to solve various problems. The major 
contribution towards the development of the subject in this direction is 
due to Sneddon [76], [77] and his co-workers [50]-[52], [5], [6], [78], 
[87], [90]. Sneddon and Elliot [78] have given the distribution of stress 
in the neighbourhood of a crack which is subjected to an internal pressure 
varying along the length of crack. Elliot [24] has solved many crack and 
punch problems for transversly isotropic bodies using the Hankel's 
transform, Sneddon and Lowengrub [79] have written a monograph on 
crack problems in the classical theory of elasticity. Kurashige [45], [46] 
discussed a two-dimensional crack problem for an initially stressed 
19 
neo-Hookean solid and later on discussed a circular crack problem for 
the same. Employing his theory, Ali [5] has discussed the case of opening 
a crack of prescribed shape in an initially stressed body. 
1.10 An Overview of Literature: 
Recently, punch and crack problem have been the interest of many 
investigatioins. Almost all modern mathematical techniques have been 
employed to solve these problems. As a major part of the present work 
contains discussions on these topics, a brief survey of the literature is 
given as under: 
(a) Punch Problems: 
The problem of plane punch has been investigated for many years 
due to its broad application in engineering mechnaics. A good variety of 
punch problems have been discussed by numerious workers and it is a bit 
difficult to give a complete survey of the work done so far. This is one of 
the mixed boundary value problems and may be considered as a particular 
contact problem because of the line contact region. For the contact 
problems, most of the analytical formulas can be found in the books 
written by Galin [27], Gladwell [28] and Johnson [41]. Muskhelishvili[62] 
and England [25] provided solutions for several types of punch problems 
in their books using the method of analytic continuation. Frictional punch 
of flat-ended or wedge-shaped profile with crack initiating at one end of 
the contact region have studied by Hasebe et. al. [38] and Okumura 
et.al.[68], who used a rational mapping function and complex stress 
function to carry out the analysis. The solutions appropriate to the conical 
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punch and the oblate spheroidal punch were derived by Deutsch [22] . 
Tsai [89] has solved the spherical punch problem by using the Hankel's 
transformation technique . Klintworth and Stronge [42] used a potential 
function approach to construct solutions for planar punch problems in an 
anisotropic half-plane where there is no slip on the surface of a flat 
punch. Later on Haider et.al. [35] discussed the indentation of a thin 
compressible elastic layer and obtained approximate analytical and 
numerical solutions for rigid flat indentors. Recently in 1996, Fan and 
Hwu [26] solved a punch problem for an anisotropic elastic half-plane 
by analytic continuation method. 
(b) Crack Problems: 
Work on crack problems was first started by Inglis [39]. He 
considered the problem of stress concentration at an elliptic hole. Griffith 
[33] , [34] made use of 'Inglis' calculations and investigated the case 
when semi-minor axis of elliptic hole is taken to be very small as 
compared to the semi-major axis. Thus obtained an effect of a slit 
weakening the plate. The straight crack thus obtained is called Griffith 
crack. The crack face opening displacement for the Griffith crack was 
given by Westergaard [95]. Sneddon [76] found out the stress distribution 
of stresses in the neighbourhood of a crack in an elastic solid using 
theory of elasticity. Sneddon and Elliot [78] investigated the problem of 
opening of a Griffith crack under internal pressure. The internal pressure 
applied varies along the length of the crack. A monograph written by 
Sneddon and Lowengrub [79] on crack problems in theory of elasticity 
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gives an exhaustive account of the crack problems solved till 1969. Ali 
and Ahmad [6] have solved a problem of an infinite solid having a pair 
of Griffith cracks. In 1996, Sarkar et.al. [72] have discussed the problem 
of four coplanar Griffith cracks moving in an infinitely long elastic strip 
under anti-plane shear stress. 
Willmore [96] used, complex variable technique to investigate stress 
distribution is neighbourhood of two collinear cracks of equal length. 
The rims of each crack was subjected to uniform normal pressure. The 
treatment of crack problems using complex variable technique has been 
described at length in the books by Milne-Thomson [57], Muskhelishvili 
[62] and Sih [75] . In 1960, Dugdale [23] proposed a model, for yielding 
of steel sheet containing slit. The relation is obtained between extent of 
plastic yielding and external load applied. The model is now known after 
his name as "Dugdale Model". At the same time similar model was 
proposed by Barenblatt [11] using cohesive theory of stresses. 
Harrop [37] modified the Dugdal model to solve the case of a 
parabalic distribution within the plastic zones. Theocaris andGdoutas [85] 
modified Dugdale - Barenblatt model adopted in various fracture 
configuration in metals. Watanable et.al [93] extended the Dugdale model 
so that it could be applied to ductile fracture and fatigue fracture 
problems. Theocaris [84] applied the Dugdale model to determine the 
plastic zones developed in the case of two collinear unequal cracks within 
the homogeneous, isotropic, elastic-perfectly plastic infinite plate. Elastic 
plane problem of collinear rigid lines under arbitrary load is investigated 
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by Chi-Ping [20] . 
The modified Dugdale model given by Budianslcy-Hutchinson and 
Coffin-Manson type damage law are used to calculate the cumulative 
fatigue damage of the material elements at the tip of a fatigue crack by 
Wu et.al. [97] . Chen et.al. [18] gave a Dugdale model for hardening 
materials under plane stress condition. A Dugdale model is extended to 
cases combining mode 1,11 and III based on the Von-Mises yield criterion 
by Nicholson [66]. A semi-analytical method is suggested by Leung and 
Su [48] to determine the stress intensity factor of two dimensional crack 
problems. Cordes et.al. [21] gave a computational method for predicting 
specimen fracture behaviour requiring only material's strain data. 
Recently, Radaj and Zhang [70] showed that the further development of 
the local stress, strain or energy criterion is necessary in respect of crack 
initiation in a process zone outside the original cracks or slit tip. In 
1997, a numerical study of crack-tip plasticity in glassy polymers has 
been carried out by Lai and Giessen [47] . 
1.11 Abstract of the Thesis: 
The present thesis contains five chapters. 
Chapter 1, gives the general introduction and brief history of the 
mathematical theory of elasticity. This subject is very fertile in the sense 
that it has originated long back and gradually developed to the classical 
form. Some basic equations of plane and axisymmetric problems have 
been discussed. The treatment of crack and punch problems for fracture 
mechanics of material has been discussed. A brief survey of the literature 
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and its development is presented in overview section of this chapter. 
In Chapter 2, two first fundamental plane problems have been solved 
by using complex variable technique. Basically the discussion is confined 
to the technique involved by Muskhelishvili [60] and Milne-Thomson[57]. 
Employing this method the first fundamental plane problem of an 
epitrochoidal disc has been discussed. The plate is assumed to be under 
two concentrated forces applied at the extremities of the major axis of 
the exterior bounding eiptrochoid. The solutions for an elastic circular 
plate and that of a plate in the form of a cardioid under two concentrated 
forces have been obtained as particular cases. In the later part of this 
chapter, the problem for an infinite elastic plate having a hole in the 
form of Pascal's Limacon under the action of an all round uniform pressure 
has been obtained in closed form. It is assumed that the plate is isotropic, 
homogeneus and unloaded at infinity. Stresses are found out and the 
variation of stress-intensity factor has been studied grapically. The case 
of a circular hole has been obtained as a special case. The content of this 
part of chapter 2 has been accepted for publication in "Bulletin of Pure 
and Applied Sciences," Vol. 18, 1999, India. 
Chapter 3, deals with indentation of a semi-infinite stressed 
elastic medium under the action of an axisymmetric rigid punch pressing 
the medium normally. The integral transform technique has been employed 
to solve the punch problem for an initially stressed neo-Hookean solid. 
Using the Hankel's transformation, the distributions of incremental stress 
and strain have been obtained. Indentations by a flat-ended cylindrical 
24 
punch and a conical punch have been obtained as special cases and these 
effects have been studied numerically and presented in the form of curves. 
In Chapter 4, modified Dugdale model approach has been adopted 
to solve the problem of an infinite plate cut along two hairline, collinear, 
unequal cracks. The loads applied remotely open the rims of the cracks 
in mode I type deformation. The plastic zones formed ahead of the tips 
of the crack are closed by linearly varying stress distribution. The crack 
is thus arrested from further opening. A set of non-linear simultaneous 
equations are obtained to compute the size of plastic zone for prescribed 
crack length, load applied and the inter crack distance. Closed form 
expressions are derived for calculating crack opening displacement at 
the interior and exterior for four tips of the two cracks. Also, some 
numerical work is carried out to study the variation of load required to 
close the prescribed plastic zone size against crack length, the ratio 
between exterior and interior plastic zones. 
The last Chapter 5 of the thesis deals with generalised Dugdale model 
approach to solve the problem of two collinear hairline unequal cracks 
weakening an infinite thin elastic plate. The faces of the cracks open in 
mode I type deformation on account of the uniform constant uniaxial 
tension applied at infinity. The tension is increased to the limit such that 
the plastic zones developed at two interior tips of the unequal cracks get 
coalesced. Each of the plastic zones developed is closed by distributing a 
normal cohesive stress distribution over its rim. The problem reduces to 
dual Hilbert problems, the solution of which gives a set of non-linear 
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simultaneous equations to determine the length of the plastic zones. 
Expressions are derived to obtain crack opening displacement at the tips 
of the cracks. An illustrative numerical example is considered to study 
the variation of load ratio required for the closure of the prescribed plastic 
zone. The content of this chapter has been accepted for publication in 
"Mechanics of MetariaJs (Elsevier Science)" 1999, The Netherlands. 
Towards the end, a complete bibliography of research publications 
and books which have been referred in the thesis is given. 
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COMPLEX VARIABLE TECHNIQUES 
2.1 Introduction: 
The complex variable method has been fomid to be very effective in 
solving plane problems and axially symmetric problems of the theory of 
elasticity. This method has been given by Kolosov [43], [44] and later on 
developed by Muskhelishvili [60], Milne-Thomson [57], Stevenson 
[82], [83] and others. Ahmad [1] has discussed a confocal elliptic ring 
under all round uniform tension. Stresses in an isotropic elastic plate in 
the form of Pascal's Limacon under concentrated forces have been carried 
out by Ahmad and Ali[2]. Recently in 1997, using this technique, Ali 
and Parrrey [8] have discussed a confocal elliptic ring under two standard 
concentrated forces. 
In this chapter, the same method has been employed to solve the 
first fundamental plane problem of an epitrochoidal disc under two 
concentrated forces. Later on the direct method of Sen [73] has been 
employed to solve the first fundamental problem of a thin infinite elastic 
plate having a Pascal's Limacon under uniform pressure. 
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2.2 An Epitrochoidal Disc under Concentrated Forces : 
Basic equations : 
We consider the deformation of an epitrochoidal disc under the 
action of two standard concentrated loads at the ends of its axis. The disc 
is assumed to be homogeneous and isotropic. We denote the boundary of 
the plate by y and the region inside and outside it by L, and Rj respectively. 
The transformation function 
z = m ( 0 - c ( ^ + ), (2.2-1) 
n 
where c > 0 , 0 < K < l , z = pe'* , t, = re"", maps the boundary in the z-
plane to a unit circle T in the ^-plane. The region inside and outside y are 
mapped onto those inside and outside T which are denoted by L and R 
respectively. 
Determination of two potential function W (^) and w (^) gives the 
complete solution of the problem. Following Milne-Thomson [57], stress 
components x^ ,^ x^ ^ and x are given in term of these two potential 
functions as follows : 
_ _ lm{^) _ _ 5 m'( l)_ _ 
2(x + IX ) = W(^) + W( ^) W'( I) w ( ^) , 
^' ^' ^m'(^) ^m'(^) 
(2.2-2) 
_ _ Im(i^ ) _ _ 1 m'(l) _ _ 
2(%. - \ 0 - W(^) + W( ^) -f - — - W'( I) + — — - w ( ^) . 
^m (O ^m'(^) 
(2.2-3) 
The potential function W (^) is obtained by applying the analytic 
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continuation theorem for the circle to equation (2.2-2), to give, 
1 r 2[-p (a) + is (a)] m'(a) 
m' (^) W (O = J ^^^'i' (O . (2 2-4) 
27ii "^  a - ^ 
where a = e''', p(a) is the pressure, s(a ) is the shear and the function T 
(^) is continuous across T and its form is obtained by considering the 
singularities of m' (^) W (^) in the region R. The analytic continuation 
in R of (2.2-2) is obtained by writing zero for x.^  + ix.^  and (1/ ^) for ^ 
as follows : 
m' (^) W ( 0 = - m- (^) W (1/0 + (1/^^) m ( 0 W' ( 1 / ^ 
+ ( 1 / a m- (1/0 w (1/0 (^ in R), (2.2-5) 
Again, from (2.2-5), by writing 1, for (1/0 and (1/ O for ^ and taking 
the complex conjugate, we get 
m' ( 0 w ( 0 - (1/4^) m' (1/0[W (O + W(l /0] - m (1/OW ( 0 
d _ _ _ 
= [ m( l /OW(0] + (l/^^-) m'(l/0 W(l /0 (^inL), 
(2.2-6) 
The function *I'(0 in (2.2-4) must be continuous across V and its 
form can be adapted from the conditions, 
(i) The function w (O must be holomorphic in L, 
(ii) If L contains the point oo, the stresses at infinity must have given 
values, 
(iii) The solution must be non-dislocational. 
However, we can dispense with the function w(0 expressing stresses 
in terms of W(0 and its continuation in R. Taking the complex conjugate 
of (2.2-6) and then eliminating w( 0 from (2,2-6) and (2.2-3), we get 
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^ ^ ^ 
1 1 _ _ 1 _ _ _ 
- - m * ( - ) ] W( ^ ) - [ m ( ^ ) - m ( - 3 ) ] ^ W( O, (2.2-7) 
^ 4 ^ 
1 1 _ _ 1 
+ - m ' ( - ) ] W( ^) + [ni(^) - m ( - ) ] ^ W( ^). (2.2-8) 
The displacement u and v in a similar, are given by 
4 ^ - (u+iv) = iK ^m'(^)W(^) + [ ^ m' (zr-) - ^•(^)]i W( I) 
1 1 1 1 _ _ _ 
+ - m ' ( - ) i W ( - ) + [m(0 - m ( - ) ] i % W( ^), (2.2-9) 
where K = (3- v)/(l + v), \i and v are respectively the modulus of rigidity 
and Poisson's ratio of the material of the plate. Using, equation (2.2-7)-
(2.2-9) to obtain the components of stress and strain. 
Solution of the Problem : 
The transformation function (2.2-1) maps the epitrochoidal disc y 
in z-plane on to a unit circle V in ^-plane. The anti-clockwise sense of 
description of y is taken to be positive. As y is described in z-plane in the 
positive sense, Y is also descirbed in the same sense in ^-plane. 
From (2.2-1), the parametric equation of the boundary y of the 
epitrochoidal disc are given as : 
K 
X = c(cosTi + —cosrni) , (2.2-10) 
n 
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K 
y =^  c(simi + — sinnr)) , (2.2-11) 
n 
where the parameter T^  is the vectorial angle of any point on F. Points A 
and B on the contour y correspond to T] = 0 and r\ = n. 
Let the distance c(l + K/n) and c(l - K/n) of A and B from origin be 
denoted by a and b respectively. The whole boundary y of the disc is 
unloaded except the two points A and B, where standard concentrated 
forces F and -F act to keep the plate in equilibrium. In infinitely small 
neighbourhood of these points, the stresses are unbounded. Physically this 
difficulty is resolved by plastic yielding. This being in a very small region near 
those points, we think these forces to be applied as distribution of stress 
over small areas around A and B instead of being concentrated at these 
points. 
Let e be infinitesimal and we take points Aj, A^; B,, B2 on the 
epitrochoidal disc are given by 
z^ = a(l - ie), z^= a(l + ie), (2.2-12a) 
Z0 = - b ( l - i e ) , Z3 = - b ( l + i e ) . (2.2-12b) 
The standard concentrated force F will be obtained as the limit when 
e->0 of a uniform stress distribution given as: 
F 
- p ( a ) + is(a) = onarcAjAA^, (2.2-13a) 
2ae 
F 
- p(cy) + is(CT) = on arc BjBB^. (2.2-13b) 
2b € 
The form of the unknown 4^(^) in (2.2-4) is obtained by the 
singularities of m'(^)W(0 in R. Since R contains of the point QO and 
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m{t,) = c(^+ ) has a pole of order (n - 1) at ^ = oc. Hence, we can 
n 
write 
n^) = D, + D^^ + D,^- + + D„^"-' (2.2-14) 
where D., D„ D„ , D are unknown constants. On the circle T, 
1' 2' .^ ' n 
ko" 
m(a) = c( a + ), then m' (a) = c(l + K a" ') The equation (2.2-4) 
n 
reduces to 
Fc f (1+Ka"- ' ) Fc f (1 + Ka"') 
m'(OW(0 = J da + J da 
27iaei A,AA, a - ^ 27ib€i B,BB, CT-^ 
+ D, + D^ ,^  + D,^^ + + D„^'-
Fc r 1 r a" ' 
= [J da + Kj da] 
27iaei A,AAJ a - ^ A.AA^ a - ^ 
Fc r 1 rl l- l rc r 1 r a" ' 
+ [J da + K J da] 
2llb€i B,BB, O - ^ B,BB, a - l ^ 
+D, + D,^ + D3e+ +D„^"', 
which then reduces to 
m'(^)W(^) - . [ In ( -) + K { + ^ 
27taei ^ A ~ ^ " " ^ ° - 2 Al 
^ A ^ - ^ A r ^ A r ^ 
H^ ~ + + ^"" In ( - ) } ] 
n - 3 c^ - ^ 
•^  r - , — [ ln( ) + K { + ^ 
2ub€i a g - ^ n - 1 n - 2 
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+ ^' , + + ^"' ln ( 7 - ) } ] 
n - 3 a ^ - ^ 
+ D, + D,^ + D,^^ + + D„^"'. (2.2-15) 
Now since on the contour y, dz = iea on going from A to A^  and 
dz = - ieb on going from B to B ,^ thus to the first order we have, 
iea 
d<j = = p (say), on going from o^ = 1 to a^ 
c(l+K) 2^ 
and 
i€b 
- da = = P„ (say), on going from a„ = -1 to a„ . 
c(l+K) ^ 
Therefore 
a ^ ^ - l + P ^ , a ^ ^ - l - P , . (2.2-16b) 
Equation (2.2-15) using the logarithmic series in the form 
ln(l + qe) = qe, reduces to 
2F 
c(l + K^"-') W(0 = + D + D,^ + D,^- + + D ^"-' . 
71(1-e) ' ' 
(2.2-17) 
From equation (2.2-17), we get 
K ^ _ , 1, - 2F 2^ D D D 
c(l + ) W (—) = +D +— + —+ + — - . 
(2.2-18) 
To determine the unknown constant D,, D2, D ,^ ,D^, 
holomorphy condition of the function w(^) given by equation (2.2-6) is 
considered. By expressing the function cw(^) in the Laurent's series 
expansion, we would get 
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c c c 
cw(^) = — ^ + + _ ^ + _ ^ , (2.2-19) 
where (n + 1) coefficients C ,^ C,, , C^  involve D,, D ,^ , D .^ 
By holomorphy condition of cw(^) we have the system of n equations, 
C „ - C , - - C „ - 0 . (2.2-20) 
Thus (2.2-20) represents a system of (n + 1) equation involving n 
constants Dj, D ,^ , D .^ The equation are consistent since the 
determinant of the coefficients of D,, D ,^ , D vanishes. Hence from 
1' 2' ' n 
the system of equation (2.2-20) ultimately get the unknown constants 
Dj, Dj, , D_^ . By taking n = 2, n = 3, the results obtained agree with 
those obtained respectively by Ahmad & Ali [2] and Milne-Thomson [57]. 
Since the boundary is unloaded except at points A and B, Equation 
(2.2-17) gives W(^) for i^  in L and for ^ in R. 
Particular Cases : 
1) For K = 0, the epitrochoid becomes a circle and the solution agrees 
with the known results for a circular plate under two concentrated 
standard forces. 
2) For n = 2, the epitrochoid becomes a Pascal's Limacon. For the 
Limacon, the stress-intensity factor has been obtained as follows : 
The stress-intensity factor S = (t^^) ^^O^OT some particular values of 
K are studied. 
F cosec^ Ti 
S " (\r) -0= [g2 + s^in^Ti (3 + 4K + 2KCOSTI) + 6KsinTi sin2T|] 
TlCg, 
2D, D, 
+ ( 1 +2K cosTi) + (8 + 3COSTI) 
eg) 2cg, 
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where g, "^ 1 + 4KCOSTI 4 4K' 
g, = 1 + 2K COST] - COS2TI - 2KCOS3T\ 
F 4K^ - 1 
u , - -
D,= 
7t 
F 
2 K 2 - 1 
2K 
7c 2K2 - 1 
The constant D, and D^ being known, S can easily be calculated. 
For K = 0.5, 0.25, the variations of stress-intensity factor are shown 
in Fig. 1. 
3) For n = 2 and K = 1, the epitrochoid reduces to a cardioid. In this 
case though m'(^)= 0 at ^ = - 1 , no contradiction with the general 
theory arises since in the case of the cardioid the boundary has a 
cusp [60]. 
2.3 A Direct Method of Complex Variable : 
In this section, the problem of a thin elastic plate with a hole in the 
form of Pascal's Limacon under uniform pressure has been discussed for 
the case of an approximate hole the solution agrees to that obtained by 
Sen [73]. The plate is assumed to be thin., isotropic, homogeneous and 
the stress and displacement components at great distance from the 
boundary of the hole are assumed to be zero 
Formulation of the Problem: 
We consider the mapping function 
z=m(C) =R(e -+ ce^^), (2.3-1) 
where z =x+iy, C,=t,+ir], R>0,c>0. 
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Fig.1 Variation of stress-intensity factor 
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The boundar>' ^ 0 gives a Pascal's Limacon in the z-plane It is 
assumed that the boundary of the Limacon is under the action of all round 
hydrostatic pressure of magnitude P and the plate is unloaded at infinity. 
In absence of body forces, the stress components x^ ,^ x^ ^ and 
X. satisfying the equations of equilibrium and compatibility are 
given as follows by Sen [73] 
8x„ dr^ d® ar- a© 40 
^-- + + F, (2.3-2) 
^^ dx] a^ a^ 
8x ar^  a 0 ar^  a© 4© 
"^- + F, (2.3-3) h^  a^ a^ ^^ ari h^  
8x, ar^  a© ar- a© 
^''- - G , (2.3-4) h^ dr] a^ a^ dr] 
1 dx dy 
where r^ = x^ + y^ (x, y) being the cartesian co-ordinates = ( )^+( p 
W dt, dr] 
and © = X,, + X and F and G are conjugate harmonic function. The 
function © is a plane hormonic function satisfying the equation: 
a^© a^© 
+ = 0 . (2.3-5) 
a^ 2 dr 
Equations (2.3-2)-(2.3-4) can be rewritten for convenience in use 
as follows, 
8x„ ar^  a © . ar^  a © . 4© 4^  ( T T ) - — — ( - ) + dr\ ^^ h' a^ a^  h^  h-* 
ar^  a 1 ar^  a 1 F 
- © [ - - ( - ( _ ) ] + _ . (2.3-6) 
dr] ari h- a^ dl W h' 
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h* a^ a^ h^  ari ari h- h^  
(2.3-7) 
«!- iL_l(^)- — — (-) 
h^  at) a^ h^ a^ ari h^  
+ 0 [ (-_) + — - (-:)J - - (2 3-8) 
Boundary Conditions : 
Since the hole is subjected to a uniform pressure P, the 
boundary conditions are: 
\k 
= _P, T = 0 at ^=0 (2.3-9) 
Thus, we see that stresses x^ ,^ t^^ and x.^can be expressed 
explicity in terms of function F,G, and 0 . At this stage a suitable 
form of the plane hormonic function 0 alongwith certain constant 
coefficient is chosen. From equation (2.3-8), we get the expression 
for G. The relation between two conjugate functions F and G gives 
the expression for F, and then from the first boundary condition in 
(2.3-9), the assumed constant 0 can be determined using (2.3-6). 
Thus F,G and 0 being completely known, the stresses can be found 
out. 
Solution of the Problem: 
Making use of the mapping function (2.3-1), we get 
X = R(e^ COST] + ce^ ^ COS2TI), (2.3-lOa) 
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y - R(e- sinri 4 ce'^ sin2ii). (2.3-10b) 
Hence, r^  = R^e^^ + 2ce'^ cosii + c^ e* )^, (2.3-11) 
1 
and — = R^e^^ + 4ce^ ^ COST] + 4cV^). (2.3-12) 
Following Sen [73], we assume 
(e'' - 2ce* )^ 
0 = B [ 1 - R ^ { } ] , (2.3-13) 
' (e^ + 2ce'^) 
where B is an unknown constant and R^  denotes the real part. The 
second boundary condition of (2.3-9), with the help of equations 
(2.3-n)-(2.3-13) gives 
G/h'- = 8BR* (1 - 2c2)c sinti at it = 0, (2.3-14) 
F + iG = 4BR* (1 - 2c^) [(e^ + 4ce2^)/(e^ + 2ce2'i)]. (2.3-15) 
The function G obtained from equation (2.3-15) satisfies (2.3-14). 
Hence conjugate functions F and G are given by : 
G/h2 = 8BR^ (1 - 2c2) ce^' sinri, (2.3-16) 
and F/h2 = 4BR'» (1 - 2c2) [e-^ + 6ce^^ COSTI + 8cV^ ] (2.3-17) 
The first boundary condition of (2.3-9), then gives 
B = - 2 P (2.3-18) 
The unknown constant B being determined, function F,G and 
0 are known and the problem is completely solved. 
Expressions for Stresses: 
From equations (2.3-6)-(2.3-8), the stress components are given 
as follows: 
xJP =[-2N2- HK - 2LT - 2L(HM - 2W)n - M(l - 2c2)]/T2, (2.3-19) 
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t /P -[HK + 2N2- 2LT ^ 2L(HM - ZN^)/! 4 M(l - 2c2)]/T^ (2.3-20) 
in 
x^ /^P - N IK - 2H + 2L (M + 2H)/T + 2(1 - 2c2)]/T2, (2.3-21) 
where H = e^ ^ + 3ce'^ COSTI + 2cV^ 
K = -16cV^ - 6ce'^cosTi, 
L = 4cV^+ 2ce^^cosii, 
M = e^^- 6ce'^ cosTi + Sc^ e*^ , 
N = ce'^sinri, 
T = e^ ^ + 4ce^ ^ COSTJ + 40^ 6*^  
The stress-intensity factor S^^^  is given by 
As a check to the solution, the stress components x^ ^ and x^ ^ 
have been calculated from the equations (2.3-19) and (2.3-21) and 
found to satisfy the boundary condition from equation (2.3-9). 
Particular Case : 
When c = 0, the hole is circular. The stress-intensity factor is 
given by 
which agrees with the known result for an infinite plate having a 
circular hole under uniform pressure. 
Discussion: 
From the nature of the graph of variation of stress-intensity 
factor, it appears that between TI = 0, TI = 90, the stress-intensity 
factor is negative. After that as the value of c increases, S, , also 
increases. Thus on some parts of the boundary the stress is tensile, while 
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on some it is compressive. Variation of stress-intensity factor S^ ^^ for 
c = 0.20, 0.25, 0.30 are shown in Fig. 2. For c - 0, that is when the 
hole is circular the graph is straight line. 
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CI-IA.rX^R-3| 
INTEGRAL TRANSFORM TECHNIQUE 
3.1 Introduction: 
In this chapter, the integral transform technique to solve fundamental 
problems of elasticity theory has been discussed. It has been found that 
this method is of great help in solving the problems of punch and crack 
in an elastic medium. Much work has been done in this direction for 
which one may refer to Sneddon [80], but they are mainly concerned 
with bodies with out having any initial stress. Using Hankel's transform, 
crack and punch problems for transversely isotropic bodies have been 
solved by Elliot [24]. Hara et. al. [36] have discussed an axisymmetric 
contact problem of a transversely isotropic layer indented by an annular 
rigid punch. Recently, Fan and Hwu [26] have solved the punch problems 
for an isotropic elastic half-plane by combining stork's formalism and 
the method of analytic continuation. In solving the boundary value 
problems in elasticity the following transforms are very frequently used: 
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(a) Fourier Transform. 
The Fourier transform is defined by 
1 r" 
F(a) = — = J f(x)e'"dx, 
with its inverse transform 
1 f« 
f(x) = —=^J F(a)e- '"da. 
N27t " 
The Fourier transform is used for functions whose domain is the 
whole real line. If the domain is the positive real line the Fourier Cosine, 
Sine transforms defined as given below are used : 
F (a) = V2/7cI f(x) cos(ax) dx, 
^ 0 
F (a) = V2/7t J f(x) sin(ax) dx, 
* 0 
with the inversion formulas given respectively as : 
f(x) = V2/7tl F^(a) cos(ax) da, 
00 
f(x) = V2/7I J FXa) sin(ax) da. 
(b) Hankel Transform: 
Hankel transform of order r is defined in terms of J/ax), the Bessel 
function of the first kind of order r, as follows : 
H(x) = J a f(a) J (ax) da, 
0 ' 
with its inversion formula given by 
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f(a) = 1 X H(x) J (ax) dx. 
0 
(c) Mellin Transform: 
Mellin transform of a function f(x) whose domain is the positive 
real line is defined as follows : 
F(x) = M [f(a); x] = f a " ' f(a) da, 
with the inversion formula given by 
1 f T ' " ' " 
f(a) = M ' [F(x); a] = J a'' F(x) dx. 
27ci ^ - ' " 
The integral on the right is taken over a line parallel to the imaginary 
axes at a distance y, in the x-plane and to the right of all the singularities 
off(x). 
In the foregoing section, deals with indentation of a semi-infinite 
initially stressed elastic medium which possess some initial stress. 
3.2 Small Deformation of an Initially Stressed Body: 
Various elastic bodies are found to possess initial stress which exists 
in the body by process of preparation or by the action of body forces. For 
example, if a sheet of metal rolled up into a cylinder and the edges welded 
together, the body so formed is in a state of initial stress and the unstrained 
state can not be attained without cutting the cylinder open. If such a 
body is further subjected to deforming forces then apart from the initial 
finite deformation it will have incremental deformation also. Trefftz[88], 
Neuber [65] and Green [30], [31] have discussed and given basic 
equations of such incremental deformation theory. Later onKurashige[45], 
[46] discussed an axisymmetric circular crack problem and a two-
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dimensional crack problem for an initially stressed neo-Hookean solid. 
The problem of opening of a crack of prescribed shape in an initially 
stressed body has been discussed by Ali and Ahmad [5]. 
In this chapter, the problem of indentation of a semi-infmite initially 
stressed elastic medium under the action of an axisymmetric rigid punch 
has been discussed. The medium has been supposed to be isotropic, 
homogeneous, incompressible and the punch pressing it normally. The 
problem has been considered within the framework of incremental 
deformation theory for neo-Hookian solid using Hankel transformation. 
Basic Equations: 
We have adopted the fundamental equations of incremental 
deformation theory constructed by Biot [121-[15] and Kurashige [46]. In 
rectangular cartesian coordinates x. and t, the equations of motion for 
incremental deformation theory of elasticity and the expression of 
incremental boundary forces per unit area respectively : 
ds., dw.. aw.. as.. dhi. 
~^+K - + K—^ - e . . — ^ = P — ^ , (3.2-1) dx ^^  ax. -^  ax, ^^  ax. at^  
J J J J 
Af=( s,.+S,.w^+S, e-S^e.>. , (3.2-2) 
where 
X. = Cartesian coordinates, 
n. = Components of unit normal to boundary surface, 
S.j = Initial stress, corresponding to initial finite deformation referred to x., 
p = Density in a finite deformation, 
u^  = Incremental displacement (infinitesimal). 
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e = Incremental strain, 
«j 
w = Incremental rotation, 
'J 
e = Incremental volume expansion, 
s. = Incremental stress referred to axis which are incrementally displaced 
with the medium, 
Af = Incremental boundary force per unit initial area. 
In equations (3.2-1) and (3.2-2) the usual convention for summation 
over repeated indices is applied. The second, third and fourth terms of 
left-hand side in equation (3.2-1) represent the effect of initial stress. 
The incremental strain-displacement relations can be written in the 
same forms as in classical elasticity, because the incremental displacement 
is infinitesimal. Hance we have, 
1 du. du 
e . . = - ( - + —^), (3.2-3) 
^ 2 d\. dx. 
1 da. du. 
w , . = - i— '-). (3.2-4) 
^ 2 dx. dx. 
Taking the material to be a so-called neo-Hookean solid, elastic potential 
per unit volume is expressed in the form [88], 
1 
W = - j x „ ( V + V + V - 3 ) , (3.2-5) 
with 
\K\=h (3.2-6) 
where 1^^  is shear modulus in an unstrained state and X-^ is extention ratio. 
The stress-strain relations for initial stresses are given by 
S„-S2, = U J V - V ) ' (3.2-7a) 
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S33-S„ = n„(X3^-V)- (3.2-7b) 
The total differentiation of equations (3.2-7) and consideration of 
incremental shear deformation given the following incremental stress-
strain relations [12] : 
V S , , = 2 n J V e u - V e 2 2 ) ' (3-2-8a) 
S,,-S33 = 2 n „ ( V e , , - V e 3 3 ) , (3.2-8b) 
S33-S„ = 2 n „ ( V e 3 3 - V e „ ) , (3.2-8C) 
and 
S,, = H „ ( V + V ) e , 2 ' (3-2-9a) 
S,3 = ^^o(V+V)e23 ' (3-2-9b) 
S3, = ^ „ ( V + V ) e 3 . • (3-2-9C) 
3.3 Axisymmetric Incremental Deformation: 
The cylindrical polar co-ordinates (r,G,z) of a point in the initially 
deformed body are connected with rectangular co-ordinates by relations: 
r =Vx,2+x/, (3.3-la) 
e = tan-'(x2/x,), (3.3-lb) 
z = X3. (3.3-lc) 
It is assumed that the only non-zero components of initial stress are 
S^ ,SgQ and S^ which are uniform throughout the body and the body is in 
the state of symmetrical incremental strain with respect to z-axis. The 
equations of motion (3.2-1) reduce, in the cylindrical polar coordinates, 
to : 
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5s s - s„„ 5s 5w,, d\ 
" + " ^' + — - - ( S -S ) =p -, (3.3-2a) 
rr zx' 2^ dr r 5z 5z dt 
5s 1 5 1 5 d \ 
—!L + ( r s ) - ( S - S ) (rw ) = p . (3.3-2b) 
5z r 5r r 5r 5t^  
The incremental displacements u^  and u^  in terms of potential function 
t|>(r, z) are given by : 
52 4> 1 5 5^ 
u, = , u^= ( r — ) , (3.3-3) 
5r5z r 5r dr 
where <i> is a scalar function r and z. Further it is easily checked that the 
condition for incompressibility 
e = e„ + e,e + e^ = 0, (3.3-4) 
is satisfied. The non-zero components of incremental strain, rotation and 
stress can be expressed in terms of the function <)> as follows: 
52<|> 1 52(j> 1 5 52<)> 
e ^ = , e^g = , e ^ = (r ), (3.3-5a) 
5r25z r 5r5z r 5r 5r5z 
1 5 1 a 5^ 52(|> 
e^ = [ (r ) ] , (3.3-5b) 
"" 2 5r r 5r 5r 5z2 •* 
1 5 1 5 5(|) 52* 
w^ = [ (r ) + ] , (3.3-5C) 
2 5r r 5r 5r 5z2^ 
5 , 1 52* 
s„- s = - M„V ' — (- ^ - T - ) ' (3.3-6a) 
5r r 5r5z 
5 1 52<t> . 
See- s = MoV r -— ( — — ) , (3.3-6b) 
5r r 5r5z 
1 5 , d^ ^ 
Szz- s = Mo(V + 2 V ) — (r — — - ) , (3.3-6C) 
r 5r 5r5z 
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^. = - : •'.(V -^  V) — I- ^ ('TT) TTI- <^ -^*^ > 
2 dr T dr dr oz^ 
where 
s= - ( s „ + s j . (3.3-7) 
Substitution form expressions (3.3-5) and (3.3-6) into equation 
(3.3-2) gives the following equations : 
as 1 a r , . \ d dk . 
- - - --l{^i„ (V + V)+ (S„- s j } - - (T —) + {no(V + V) 
5r 2 5z r 5r OT 
^ a^A , , 1 a a^ l^^  a> 
- < s „ - s j } — J - H { M O V M S „ - S ^ ) } - — ( r — - ) = - p - — , 
az^ r m OTOz dzoi^ 
(3.3-8a) 
as 1 a a r^ , i a a«i> ^ 
(7Z zr OT CT r CT or 
- (s„ - s J } - ^ ] +{n.(V + V) - (s„ - s^ ) } - ^ + {HoV 
^ 1 a a^+ 1 a , a'* , 
- ( S „ - S . ) } - - ( r — , = p - - ( , _ ) , (3.3-8b, 
and further substitution from the first of equation (3.3-8) into the second 
and use of stress-strain relations: 
S„-See=^^o(V-V) = 0' (3.3-9a) 
S „ - S ^ = H o ( V - V ) = 0' (3.3-9b) 
which are reduced from equation (3.2-7), the function ^ is given by the 
simple partial differential equation and an expression for stress s as 
follows: 
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{ ( r - ) + - } {K^ ( r ) + } = 0 , 
r ar dr dz' r di dr dz' n^  dt' 
(3.3-10) 
a^ ^ d^ 
' ' dz' azat^  
where 
K=X/X^. (3.3-12) 
3.4 A Punch Problem for Initially Stressed neo-Hookean Solid: 
Formulation of the Problem: 
It is supposed that the semi-infinite medium z > 0 is initially 
deformed and the components S^, in addition to S^ ,^ is also zero so that 
The Hankel transformation and its inversion transform of order zero 
are defined respectively by relations : 
H O = I'i (r) J„ ( r U dr, (3.4-2a) 
*(r) = C MOJ„(rOd^, (3.4-2b) 
from which the following formulae for defferentiated function are 
obtained: 
(r — ) = - io * e J„ (rO d^ , (3.4-3a) 
r ar ar 
a 
- t | , = - C t|» 2^ J, (r^) d^ , (3.4.3b) 
ar 
where J^  and J, are Bessel functions of order 0 and 1, respectively. 
Using these formulae, the incremental displacements u^ , u , the 
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incremental rotation w^^ and the components of incremental stress s^ ,^ s^ ^^ , 
s are expressed in Hankel inversion as follows : 
u, = C — ^ ^ J , ( r U d ^ , (3.4-4a) 
dz 
«z = - C * e J „ ( r U d ^ . (3.4-4b) 
1 _ d^^ 
w„ = l^iV ^-V — — ) J , ( r ^ ) d ^ , (3.4-5) 
2 oz^ 
Szz= s - ^, V ( 2+ K^) i ;^ ' J„ ( r^ ) d^ , (3.4-6a) 
dz 
Szr = 4 ^ ' o V ( l + K ' ) C ( ^ ' «|> + ^ 2 — ^ ) J , ( r O d ^ . (3.4-6b) 
2 dz^ 
s = - ( s„ + s^) = H„ V C ^ - T T - Jo ( r U d^ . (3.4-6C) 
writing the first of equations (3.3-2) and (3.3-3) in the form 
OT r 5z 5z 
substituting from expressions (3.4-5) and (3.4-6) into the above equation 
and integrating it with respect to r lead to the following expression 
for s : 
IT 
s.= Ho V [ C (K-^  ^ ' ^ ^ ^ ~j) Jo ( r U d^ (3.4-8) 
dz dz? 
2K2 a ^ 
r dz 
52 
Now equation (3.3-10), by Hankel's transform, reduces to the ordinary 
differential equation: 
d^  d^'i 
( - — - rt ( - — - K^ ^^  * ) = 0. (3.4-9) 
dz'' dz-* 
Boundary Conditions: 
The rigid punch is in the form of a solid of revolution which has the 
equation z = f(r), referred to the tip of the punch as origin and it has a 
radius of contact 'a' with the medium. If the pressure p (r) is assumed to 
be applied in the plane z = o, and the contact is free from friction, the 
boundary conditions are : 
u^  ( r,0 ) = p (r) , (0 < r < oo) (3.4-lOa) 
s^ ^ = 0 , ( 0 < r < 00) (3.4-lOb) 
u^  = D-f ( r ) , ( 0 < r < a ) (3.4-1 la) 
S„ = 0 , (r>a) (3.4-1 lb) 
where D is a parameter whose physical significance is that it is the depth 
to which the tip of the punch penetrates the elastic half-space and f (0)=0. 
Solution of the Problem : 
The solution of the differential equation (3.4-9) is given by 
'i= A (^) e-^ + B (^) e-»^^ , (3.4-12) 
where A(^) and B(^) are integral constants. Applying boundary conditions 
(3.4-10) to the equation (3.4-12) gives, 
i+K^ m 
A (4) = ——, (3.4-13a) 
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- 2 Pit,) 
B(^) = . (3.4-13b) 
1- K^  t,^ 
The boundary conditions (3.4-11) to equation (3.4-12) gives the 
following dual integral equations: 
C^ P(^) Jo (r^) d^  = D - f (r), (0< r < a) (3.4-14) 
^'mJ,iTl^)d^ = 0, (r>a). (3.4-15) 
Taking ^ p(^) = W (a^), we have from equations (3.4-14) and (3.4-15), 
| > ( C ) J„ (x; ) d; = D, - f^  (X), (0 < X < 1) (3.4-16) 
j " C T ( ; ) J J x C ) d ; = 0 , ( x > l ) (3.4-17) 
in which D, = aD, f, (x) = af(ax) and a^  = C • 
The solution of (3.4-17) is given as follows[80] : 
^ (C) = >/(27F) ( g(t) cos (;t) dt . (3.4-18) 
The equation (3.4-16) is equivalent to the Abel's integral equation : 
., g(t)dt 
V(2/7i) |„ = D. - f, (x) , (r>0) (3.4-19) 
r 2 _ t 2 
where the unknown function g(t) is given by 
g(t) = V(2/7i) [D, - t J„ - — ^ dx ] (3.4-20) 
Vt^ - x^  
f;(x)dx 
andD^=J„-—-— (3.4-21) 
\ l-x^ 
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, f (r) 
or D-a L' dr. (3.4-22) 
From equation (3.4-18) , ^(Q and hence T(a^) is known. Thus 
p(^) being known, the components of stress and strain can be found out 
and the problem is completely solved. 
Special Cases: 
(i) Flat-ended Circular Cylindrical Punch 
Let us consider the case in which the semi-infinite elastic medium 
is deformed by the normal indentation of the boundary by a flat-ended 
circular cylinder of radius 'a'. Since in the case the profile of the punch 
is not smooth at r = a, we must regard D as one of the data of problem. In 
this case we take f,(x) =0. From equation (3.4-20), we get 
g(t) = V(27i) aD . (3.4-23) 
Therefore we have 
2D sin a^ 
p(x) = . (3.4-24) 
_ 2D sin a £ 
Hence ^ = [ (1+K^ ) e"^-2e-'^^] . (3.4-25) 
7t (1-K2 ) ^^ 
Thus the non-vanishing components of incremental displacement and 
stresses are found in terms of the Hankel inversion, Sneddon [80], as 
follows: 
-2D , ^  sin a ^ 
«- = io [ (1+^' ) e- '^ -2e-''^ ] Jo (r^) d^, (3.4-26) 
7t(l-K2) ^ 
^ . ^ - a ^ A . ^ , 
:,r^ 
-2D sin a ^ 
u i : [ (1+K2) e ^ -2Ke-'^^' ] J, (r^) d^, (3.4-27) 
' 7i(l-K2) ^ 
s„ = — H„V C [ (1+K:' ) ' e -^ -4K2e-'^^ ] sin a^ J„ (r^) d^, 
" -Jill-K^) (3.4-28) 
2D 
s„ = -HoV { J^  [ (1+J< '^) e "^ -4K' e-*^ ^ ] sin a^ J„ (r^) d^ 
" 7l(l-K2) 
2K2 s ina^ 
j ; [ (1+K2 ) e^-2Ke-'^^ ] J, (r^) d ^ . (3.4.-29) 
r 
2D 
s„ = 
7C(1-K^) 
^ioV r (1+K:' ) ' (e -^ -e-'^^ )sin a^ J, (r^) d^ . (3.4-30) 
(ii) Conical Punch: 
Here the boundary of the semi-infinite elastic medium is defonned 
by a conical punch whose axis is normal to the indented plane. It is 
assumed that the axis of the cone coincides with the z-axis and that the 
vertex points downwards into the interior of the medium. In this case we 
take 
f (r) = r tan a , 
where the semi-vertical angle p {= (TI/ 2) -a} of the conical punch is 
supposed to be large, so that the conical punch is not very much pointed. 
Therefore from (3.4-22), we have 
1 
D = — 7te, where E= a tan a . 
2 
From equation (3.4-20), we obtain the expression 
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g( t ) - >J(27^)aD(l-t). (3.4-31) 
2D (1-cos a ^) 
Thus we get p ( 0 = : • (3.4-32) 
TIE !t 
2D (1-cos a ^) 
Hence i}> = [(l+K^) e-^^-2e-'^^ ] . (3.4-33) 
7ca(l+K2)' ^' 
Hence the non-vanishing components of incremental displacement 
and stresses are found in terms of Hankel's transformation as follows : 
-2D ,„ (1-cos a i^ ) 
u, = fo [ (1+K:2 ) e-^ -2c-»^^ ] J„ (r^) d^ (3.4-34) 
7ta(l-K2)" 2^ 
-2D ,„ (1-cos a ^) 
f„ [ (1+K2) e -^ -2Ke-'^^ ] J, (r^) d^, 
(3.4-35) 
^ (1-cos a ^) 
H,V [ C (1-^ ^2)2 e-^-4K2e-^^ ] J, ( r^ d^, 
(3.4-36) 
(1-cosa£) 
ji^V [ I I (1+K:' ) ' e - ^ -4K3 e-'^ ^ ] J„ (r^) d^ 
(1-cosa 4) j ; [ (l+K^) e-^-2Ke-'^^ ] — J, ( r^ d^ ], (3.4-37) 
2D ^^  (1-cos a ^) 
' - = -TTT^ ^«V I (l+K^ )' (e-^ -e-*^ ^ ) J, (r^ ) dt 
7ta(l-K^) ^ 
(3.4-38) 
Limiting Case: 
The case of non-initial stresses and displacements will be obtained 
by making K->1. The results so obtained agree with those already obtained 
by Sneddon [80]. 
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»r 
^zz 
-•rr 
7ta(l-K2) 
2D 
7ta(l-K2) 
2D 
7ta(l-K2) 
2K2 
Numerical Results: 
For a flat-ended circular cylindrical punch, variations of s^ ,s^ and 
u^  with various parameters as shown in (Fig.l to 4). Attention has been 
paid to investigate the influences of the initial stress P. 
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€:n-4^| CHArx 
MODIFIED DUGDALE MODEL APPROACH 
4.1 Introduction : 
Work on crack problems was first started by Inglis [39]. The complex 
variable formulation was given by Kolosov [44]. This was further 
developed by Muskhelishvili [60] and was successfully applied by him 
to solve the crack problems for cracks of different geometry. The treatment 
of crack problems for fracture of brittle materials was given by 
Cherepanov[19] using a complex variable technique. In 1960, Dugdale[23] 
proposed an elastic-plastic model, called the "strip yield model" for a 
sheet containing a slit. The sheet was subjected to tension at infinity 
giving rise to mode I type deformation at Ihe rims of the slit, which was 
consequently opened forming the plastic zone ahead of the tips of the slit. 
This opening was arrested by applying closing normal tractions, equal to 
the yield point stress, to the rims of plastic zones. Smith [71] gave a 
general theory based on the cohesive zone model for structures in 
the vicinity of a crack tip. The model was modified by Harrop [37] for 
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cases when plastic zones were closed by a cohesive normal parabolic 
stress distribution. 
Recently, the case of two interacting equal collinear straight cracks 
in an isotropic elastic unbounded plate was discussed by Viola [91]. The 
Dugdale model is extended by Theocaris [84] for the case of two unequal 
collinear straight cracks when the plastic zones developed at the four 
tips were separated. Lu and Chow [53] modified the Dugdale strip yield 
model to take into account the influence of a biaxial stress field on the 
yield condition of material such that the role played by loads which 
are applied in a direction parallel to the crack plane isno longer taken 
to be incidental. 
4.2 Modified Dugdal Model for Two Collinear Unequal Cracks : 
In this chapter, the problem of two unequal, collinear, symmetrically 
situated straight cracks weakening an infinite thin plate is considered. 
The plate is subjected to uniform constant tension normal to the rims of 
the crack and acting at the infinite boundary of the plate. Consequently, 
the cracks open forming plastic zones ahead of the tips of the cracks. The 
Dugdale model is solved for unequal cracks in an infinite elastic-perfectly 
plastic plate by using the superimposition principle and the complex 
variable technique of Muskhelishvili [60]. The rims of plastic zones 
formed are then subjected to normal stress distribution to , where t is 
any point on any of the plastic zones and a^^ is yield point stress. 
Basic Formulae: 
Stress components x^, x^^ and x^ and displacement components u^  
64 
{ 
and Uy may be expressed in terms of two complex potentials <|>(z) and 
\|/(z), developed by Muskhelishvili [60], as 
x^,-iT^, = <K2) + V ( i ) - ( z - z ) f ( z ) , (4.2-1) 
2n(u^ + iu^J = Kt | ) (z ) -M/( i ) - (z - i ) f ( z ) . (4.2-2) 
A bar over a function denotes its complex conjugate and a prime after a 
function denotes differentiation with respect to the argument, while a comma 
after a fimction signifies partial differentiation with respect to the subscript 
following it. The elastic constant ^ denotes shear modulus and K is given by 
(3-4v) for plane strain 
(3-v) / (1+ v) for plane stress. 
We consider a homogeneous, isotropic elastic infinite plate in the 
xy plane containing n strai^t cracks L^  ( i=l, 2, 3, n) lying on the 
real x-axis. Dual problems of linear relationship are obtained using 
equation (4.2-1) when the rims of crack (s) are acted upon by stresses 
T* and t* . The two Hilbert problems so obtained may be written as 
r ( t ) + M/-(t) = T^y,-iT^^, -V (4.2-3) 
V on crack (s) 
*-(t) + M/Mt) = T^-ix-^., ) (4.2-4) 
where L =°Ij=, L ,^ under the assumption lim ^ [ y<t»'(t+i y)]=0. 
Superscripts + and - indicate the limiting value of the function when any 
point t on the crack, other than end points, is approached from the positive 
y-plane (y>0) and the negative y-plane (y<0), respectively. 
The stress intensity factor, K = (K,- i K )^, at the crack tip z = Zjmay 
be calculated, as given by Qierepanov [19], from 
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K = Kj- i K^  - 2>/2^ lim [(z-z,)"2 ,|, (z) ]. (4.2-5) 
Z - > Z j 
The Problem: 
An infinite, homogenous, isotropic elastic-perfectly plastic plate 
occupies the xoy plane. The plate is cut along two hairline unequal 
collinear straight cracks L, nd L^  lying on the ox-axis of the cartesion 
co-ordinate the oxy system as indicated in Fig. 1. The cracks occupy the 
ligament [a,, b j and [c,, d,]. The plate is subjected to normal tensile 
loading along oy-axis at infinite boundary of the plate. Consequently the 
crack faces open in mode I creating the plastic zones in the vicinity of 
tips of the cracks. Following in the notation of Theocaris [84] these 
plastic zones developed at the four tips, a,, b,, c, and d, are denoted by 
r,, Fj, Fj and F^ respectively. The plastic zone F,, F^, F, and F_, occupy 
the region [a, a,], [bj, b], [c, c j and [dj, d] respectively on the ox-axis. 
To stop the crack from further propagating each rim of every plastic zone 
F. (i = 1,2,3,4) is closed by normal compressive stress distribution x = 
to ^, thus arresting crack from further propogation. 
Solution of the Problem: 
The method is based on determining the stress intensity factor of 
two component loading systems, the one considering the appropriate 
elastic case and other concerning only the cohesive stress distribution 
along the rims of the plastic zones. The balance of these stress intensities 
of the point where crack stops propagating determines the length of the 
plastic zone. These two loading systems are termed as Problem I and 
Problems II respectively. 
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Problem I 
Statement: An infinite, homogeneous, isotropic elastic plate bounded 
by the xoy plane, contains two stress free unequal straight collinear cracks 
R, and Rj. These two cracks R, amd R^  lie along ox-axis and occupy the 
intervals [a, b] and [c, d], respectively. The configuration so obtained is 
subjected to uniform normal tensile load, a^, at the infinite boundary of 
the plate. 
Solution : As is well-known, the solution of the problem reduces to 
determine two complex potentials V(z) and M/^(Z). The superscript I 
denotes that the complex potentials refer to Problem I. 
The complex potantials ^' (z) for this case may directly be written 
as given by Muskhelishvili [60], as 
f (z) = - ^ ^ — [z2+ A,z + AJ - - " , (4.2-6) 
2iX(z) 4 
where 
X(z) = [(z - a) (z - b) (z - c) (z - d)]'^ ^ (4.2-7) 
The constants A,, A^ are given by 
A, = (G, - G3) / (G, - G,) , (4.2-8) 
A, = (G, G3 - G, G,) / K(k) ( G, - G,) (4.2-9) 
where 
G, = — [a,^K(k) + ( a^ - a,^) V,] , (4.2-lOa) 
G, = - [ y,2 K(k) + ( f - Y,2) W,] , (4.2-lOb) 
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a^  
G, = — [ a / K(k) + 2a,H a' - a,0 V, +(a^ - a,^f VJ , (4.2-lOc) 
—. 4 a* 
c2 
G, = - [ Y,^  K(k) +2Y,2 ( f - y,2) W, + {f- y^'f WJ . (4.2-lOd) 
K(k), E(k) and 11 (., k) being the complete elliptic integrals of first, second 
and third kind respectively, see Byrd and Friedman [17]. Also 
(d - c) (b - a) 2 
k^  = < 1 , g = , (4.2-11) 
(d - b) (c - a) V (d - b) (c - a) 
(a - b) d(a - b) (d - c) 
a^ = < 0 , a,2 = , k2<y^ = < 1 , (d -b ) a(d-b) (d - b) 
b(d-c) 
Yi' = , (4.2-12) 
c(d - b) 
V, = ^ ( a ^ k ) , W, = n ( f , k ) , (4.2-13a) 
_ {a2E(k) + (k^ - a^) K(k) + (2a^2 _ 2a2 - «* - Sk )^ nia\ k)} 
v,= 
w,= 
2 ( a 2 - I ) ( k 2 - a 2 ) 
(4.2-13b) 
{Y'E(k) + (k^ - Y') K(k) + (2Y'k2 - 2Y' - Y' - Sk )^ ^(Y^ k)} 
2 (Y^ - l ) ( k^ -Y^ ) 
(4.2-13C) 
The opening mode stress intensity factors at the four tips of the cracks 
are found out by substituting 4>^  (z) for <|> (z) in equation (4.2-5). 
Problem II 
Statement : A stress free infinite, homogeneous isotropic elastic-
perfectly plastic plate is bounded by the xoy plane. The plate is weakened 
by two unequal, collinear straight cracks Lj and L^ lying on the ox-axis 
of the plate. These cracks L, and L^  occupy the ligaments [a,, b,] and 
[c,,d,], respectively. The four plastic zones T,, T^ , F^ and F^ lie ahead 
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protruding from tips a^ , bj, Cj and d, of the cracks L, and L^. These plastic 
zones r,, r^, r , and F^ occupy the intervals [a, a,], [b,, b], [c, c,] and 
[d,,d], respectively. Each rim of the plastic zone T. (i = 1,2, 3, 4) is 
subjected to uniform normal stress distribution T = to . This causes 
•' y> ye 
closing out the plastic zones thus arresting cracks from further opening. 
Solution : A stress free infinite, isotropic, homogeneous plate 
bounded by the xoy plane is weakened by two hairline unequal straight 
cracks R, and R .^ R, is formed by the union of plastic zones T, and T^ 
and crack L,, thus Rj = F, U L,U T^ and R^  is formed of the union of 
plastic zones Fj and F^ and the crack L^, thus R^  = F3 U LjU F^ . The 
extended cracks Rj and R^ occupy the ligaments [a, b] and [c, d] on real 
axis ox, respectively. The boundary conditions of the problem may be 
stated as : 
(i) No stresses are acting at infinite boundary of the plate. 
(ii) The rims of each F. (i = 1, 2, 3, 4) are subjected to the uniform 
tensile stress distribution x = ta , x = 0, x =0. The yield 
yy ye' xy ' xx •' 
point stress is denoted by a .^ 
(iii) The rims of each crack L. (i = 1, 2) are stress free, 
(iv) The displacement are single-valued on and round the cracks 
RJ and R .^ 
The solution of the dual Hilbert problems are obtained in terms of 
potentials ^" (z) and \\f"{z) using equations (4.2-1) to (4.2-4) and the 
boundary conditions (ii) and (iii) as 
[ n t ) + M/^  (t)r + [<|)^ (t) + M;'^  (t)J" = ta^^, (4.2-I4a) 
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[nt)-^'"m - [<t>^ (t) - M;" (t)] = 0 , (4.2-14b) 
on r = U Fj. Superscript 77 denotes that the potentials refers to 
Problems 11. 
The solution of (4.2-14), is written using equations (4.2-1) to 
(4.2-4) and boundary conditions (i) and (iv), as 
i^n (2) = yi_ J 11 dt + -1 \ '- , (4.2-15) 
27ciX(z) (t - z) X(z) 
where 
X(z) = [(z-a) (z-b) (z-c) (z - d)]' ^ , (4.2-16) 
and constants Cj (i = 0,1,2) are given as follows : 
CT (G, - G.) 
C„ = 0, C, = ^ [ M, - M3 —^ -\ , (4.2-17a) 
271 (G , -G, ) 
a (G.G. -G- G.) 
C = ^ [ M. - M, ' ' ' ' ] , (4.2-17b) 
27t • K(k ) (G , -G , ) 
where M. (i= 1, 2, 3) are given as 
X(a,) X(b,) X(c,) X(d,) 
M = !—N, N, + N, + N,, (4.2-18a) 
( d - a , ) ( c - b , ) ( c , - b ) ( d , - a ) 
X(a,) X(b,) X(c,) X(d,) 
M = ^ N , N + N + ^ N , , (4.2-18b) 
( d - a , ) ( c - b , ) ( c , - b ) ( d , - a ) 
X(a,) X(b,) X(c,) X(d,) 
M = + — + — . (4.2-18C) 
( d - a . ) ( c - b . ) ( c , - b ) ( d , - a ) 
Here N. (i = 1,2,3,4,5,6,7,8) denote the following : 
N, = 6d2 + 4d(a - d)S, + (a - d)^ S^  - X {3d + (a - d) S,} - ^ , (4.2-19a) 
N2=3d + ( a - d ) S, - ?., (4.2-19b) 
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N3= 6c' + 4c(b - c)S, + (b - c)- S, - ;^  {3c + (b - c) S,} + ^ , (4.2-19c) 
N^ = 3c + (b - c) S3 - X , (4.2-19d) 
N ,= 6b2 + 4b(c - b)S5 + (c - b)^ S, - >. {3b + (c - b) S,} + n , (4.2-19e) 
N,= 3b + (c - b) S5 - X , (4.2-19f) 
N,= 6a2 + 4a(d - a)S, + (d - a)^ S, - X {3a + (d - a) S,} + n , (4.2-19g) 
Ng= 3a + (d - a) S, - X , (4.2-19h) 
where 
A. = a + b + c + d , (4.2-20a) 
i^ = ab +cd + (a + b) (c + d ) , (4.2-20b) 
V = cd(a + b) + ab(c +d) , (4.2-20c) 
and 
3(a2 - 2a2k2 - 2a2 + 3k2) (d - a,) 
S = + , (4.2-21a) 
4 ( l - a 2 ) ( k 2 - a 2 ) 2(d - a) 
4 (a^k^ - a^ -3k2) 5(a^ - la'li' - la"" + 3k2) (d - a,)^ 
S. = + S. + 
'2 6( 1 - a2) (k^ - a^) 6( 1 - a^) (k^ - a^) ' 3(d - a)^ ' 
(4.2-21b) 
3(P* - 2p2k2 - 2p2 + 3k2) (c - b.) 
83 = + , (4.2-21C) 
4 ( l - p 2 ) ( k 2 - p 2 ) 2 ( c - b ) 
4 (p2k2 - p2 _3k2) 5(P* - 2p2k2 - 2p2 + 3k2) (c - h.y 
S. = + S, + 
' 6 ( l - p 2 ) ( k 2 - p 2 ) 6 ( l - p 2 ) ( k 2 - p 2 ) ' 3 ( c - b ) 2 
(4.2-2 Id) 
3(Y^ - 2y2k2 - 2y2 + 3k2) (c, - b) 
S = + , (4.2-21e) 
4( l -Y2)(k2-y2) 2 ( c - b ) 
4 (y^k^ - Y^  -3k2) 5(y^ - 2y2k2 - 2y2 + Sk^) (c , - b)^ 
§ = .^ ig ^ f ' 
' 6 ( l - y 2 ) ( k 2 - y 2 ) 6 ( l - y 2 ) ( k 2 - y 2 ) ' 3(c - b)^ 
(4.2-21f) 
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3(6' - 262k2 - 28^ + 3k2) (d, - a) 
S, = + , (4.2-21g) 
4 ( 1 - 8 2 ) ( k 2 - 6 ' ) 2 ( d - a ) 
4 id^k" - 6^  -3k2) 5(6^ - 262k2 - 26^ + Sk^) (d,- a)^ 
S = + S,+ 
where 
6(1 - 52) (k^ - 6^) 6(1 - 5^) (k^ - 6 )^ 3(d - a)^ 
(4.2-21h) 
( b - a ) ( a - b ) ( c - d ) ( d - c ) 
( c - a ) ( d - b ) ( c - a ) (d - b) 
( d - c ) ( b - a ) 
k^ = . (4.2-22) 
( d - b ) ( c - a ) 
The constants G. (i = 1,2,3,4) are defined in equations (4.2-10) to 
(4.2-13). 
Thus ultimately we get : 
o , tX(t) go 
27iiX(z) (t - z) 27iX(z) 
+ ( z - A . ) ( - H , - H , + H , „ + H J + (z2 - A . z + n ) ( - H , - H , + H,, + H„) 
+ {(z^ - Xz + n)z - V} ( - H, - H, +H,, + H,^) +X\z) ( - u, - u, + u, + u,) 
- zX2(z) ( - H,, - H,, + H,, + H3„)] , (4.2-23) 
where H. (i = 1,2,3, 20) are given as 
a* 
H= — [a.^u, + 4a,''(a2 - a,^) V,' + 6a,^(a2 - a,^)^ V^' + 4a,2(a2 - a^y\^' 
+ (a^ - a,^)^ V ; ] , 
a' 
H,= — [a,^u, + 3a,'(a2 - a,^) V,' + 3a,2(a2 - a,^)^ V^' + (a^ - a^yv^'] , 
a' 
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a 
a 
H,= — [a,%, + 2a.^\o} - a 2) V,' + (a^ - a,^)^ V^' ] , 
\{ = - [(a^ - a,2) n (u , , a^) + a^\] , 
a" 
He= - [ P , S + 3p,\p2 - P,2) V,2 + 3p,2(p2 - P,^ )2 V,2 + (p^ - ^,'yV,'] , 
b^  
H,= - [ p , \ + 2p,^(p2 - p,2) V,2 + (P^ - P.^ )^  V / ] , 
b 
H,= -[(P^-P,^) n(u„p2) + p>,] , 
p 
+ if - y,r v,^], 
H,o= - [y>3 + 3y, V - y.^) V,^  + 3y, V - Yi^ )^  V,^ + (y^ - y,^)^V3'] , 
H„ = - [Y>3 + 2y, V - Y,^ ) V,^  + (y^ - y,'f V / ] , 
Y^  
H . 2 = - [ ( y ' - Y , ' ) n(u3, y2) + y^Xl -
Y ' 
H,3= — {6,X + 45,^(62 - 5,2) V,^ + 66/(52 _ 5^ 2)2 y / + 45,^(52 - 5,2)3V3* 
6* 
+ (62 - 6,2)^  V / ] , 
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1 
H,,= —;^ ^ [(a,^ - a^) n(u,, a,^) + a^ u j , 
H,,= [ (P/ - P )^ n(u,, p3^ ) + P^  u,] , 
".'(z -
1 
^,\z -
1 
73^(2 -
1 
-a) 
-b) 
-c) 
H,,= [(Y3^  - f) n(u3, Y/ ) + f U3I , 
H,o= [ (V - S') " K , 63^ ) + 6^  u j , (4.2-24) 
6 3 2 ( 2 - d ) 
where 
p = z^-Xz+ii,^ = abed , (4.2-25) 
2 c(b - a) a(c - d) 
g = = — = , P . ^ = , 6.^= , (4.2-26) 
V ( d - b ) ( c - a ) b ( c - a ) d(c - a) 
V„« = u, = F(«|), k) , V / = n(u,, a^) = n((|), a^ k) , (4.2-27a) 
1 
V 1 = [a^ E(u,) + (k^  - a^)V' + (2a2k2 + 2a2- a* - Sk^ ) V,' 
' 2(a2 - 1) (k2 - a^) ' 
a^snu, cnu, dnu, 
' ' ] , (4.2-27b) (1 - a^sn^Uj) 
1 
V ' = [ k^ V ' + 2(a2k2 + a2 - Sk^ ) V,' + 3(a^ - 2a2k2 - 2a^ 
4 ( l - a 2 ) ( k ' - a 2 ) 
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a S n u , cnu, dnu, 
+ 3k2) V,' + ] , (4.2-27C) 
( l-a^sn^u,)^ 
V ; = [3k2V/+ 4(a2k2 + a2-3k2)VJ + 5(a^-2a^2_2a2 
a* snu, cnu, dnu, 
+ 3k2) V,' + '- '-1 (4.2-27d) {\-ahn\y 
where 
. / ( d - b ) ( a , - a ) ( z - d ) 
<|> = amu, = sinV , a,^ = a^ , z 9t a, (4.2-28) 
V ( b - a ) ( d - a , ) (z - a) 
V„^ = u, =F (v|/, k) , V,^ = n {XV, P^ k) = nCu,, P^) , (4.2-29a) 
1 
V,^= [32E(u,) + (k2-p2)V2 + (2p2k2 + 2p2-p*-3k2)V,^ 
2 ( p 2 - I ) ( k 2 - p 2 ) 
P"* snu, cnu, dnu, 
] , (4.2-29b) (l-P^sn^) 
1 
V 2= [ k^V 2 + 2(P^2 + p2 - 3k2) V,2 + 3(p* - 2p^2 _ 2p2 
4 ( l - p 2 ) ( k 2 - p 2 ) ' 
p'' snu, cnu, dnu, 
+ 3k2) V,2 + 1 1 L ] ^ (4.2-29C) 
(l-P^sn^u^)^ 
1 
V,^= [ 3k2V,2 + 4(p2k^ + p2- 3k2) V,2 + 5(P* - 2 P ^ 2 - 2p2 
6 (1 -P2 ) ( k2 -P2 ) ' , 2 VK K 
P"* snu, cnu, dnu, 
+ 3k2) V-^  + 1 1 1 ], (4.2-29d) 
(1 - p^sn^u^)^ 
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where 
/ (c - a)(b -b,) (z - c) 
H/ = amu, = sin-^ / — , p / = p^ , z ;t b, (4.2-30) 
V ( b - a ) ( c - b , ) ( z - b ) 
V / = U3 =F (G, k) , V,' = n(u3, Y^ ) = n (9, f, k) , (4.2-31a) 
1 
V ' = [Y2E(u,) + (k2-y2)V„' + (2y2k2 + 2 y 2 - y - 3 k 2 ) V 3 
2(Y^ - 1) (k^ - Y^ ) 
Y"* snu- cnu, dnu, 
'], (4.2-3 lb) (1 - Y^sn^u,) 
1 
V,3 = [ k^V '^ + 2(Y2k2 + Y' - 3k2) V,' + 3(f - ly-^"- - If 
4(1-Y^)(k^-Y^) 
Y"* snu, cnu. dnu, 
+ 3k2) V / + '- ] , (4.2-31C) 
( l - Y ' s n X ) 2 
* 6(1-Y^)(k^-Y^) 
[ 3k2V,^  + Aifk^ + f- 3k2) V / + 5{f - 2 Y ^ ' - 2Y 
Y"* snu, cnu, dnu, 
+ 3k2) V33 + ^ 1 1, (4.2-3Id) 
(1 - Y s^n^ UjV 
where 
V (d 
- b)(c, - c) (z - b) 
0 = amu. = sin"V » Y,^  = Y^  , z T^  c , (4.2-32) 
' ( d - c ) ( c , - b ) ( z - c ) 
V ; = u, =F ((0, k ) , V / = n(u, , 6 )^ = n (©, 5^ k) , (4.2-33a) 
1 
¥,*»= [ 52 E(uJ + (k^  - 5 )^ V," + (262k2 + 25^ - 8^  - 3k2) V / 
' 2(6^ - 1) (k^ - §2) ^ ' '•^  ' '' « ' 
6'* snu cnu, dnu, 
] , , , .Van^-~4- (4.2-33b) 
( l - 6 W u , ) . ^ > ) > - ^ - < ; 
i ( Ace. No 
1 
V/= [ k'V' + 2(6'k' + 6^  - 3k2) V/ + 3(6^  - ZS^ k^  - 26^  
4 ( l - 6 ^ ) ( k 2 - 5 2 ) 
5'' snu. cnu, dnu. 
+ 3k2) y* + ] , (4.2-33C) 
1 
V 4 = [ sk^V/ + 4(52k2 + 62 - 3k2) V," + 5(6^ - Ib'k^ - 26^ 
6 ( l - 6 2 ) ( k 2 - 6 2 ) ' ' 
5* snu. cnu. dnu. 
+ 3k2) V / + ], (4.2-33d) {l-dhn\y 
where 
/ ( c - a ) ( d - d , ) ( z - a ) 
CO = amu, = sinV — , 5 ^ = 6^  , z ;t d. (4.2-34) 
V ( d - c ) ( d , - a ) ( z - d ) 
Thus the potential ^"(z) for Problem II is completely determined. 
The vlaue of opening mode stress intensity factor at the four tips 
a,b,c and d of the cracks Rj and K^ is determined using equation (4.2-5), 
where (|>(z) is replaced by ^"{z) determined above and point Zj is, in turn, 
replaced by each of the tips a,b,c and d. 
Plastic Zones: 
Having determined the potential if\z) for Problem I, the opening 
mode stress intensity factors at the four tips a,b,c and d of the cracks R 
and Rj are then determined on replacing <|>(z) by ^\z) in the equation 
(4.2-5). These are denoted by (K^,, (K^^, (KO,, and (KO, at the four 
tips a,b,c and d respectively. 
Similary after obtaining the desired potential ^"{z) for Problem II, 
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the opening mode stress intensity factors (K''),, (K." V (^")c' ^"^ (^")d 
at the four tips a,b,c and d respectively, are determined. This is being 
done by replacing ^(z) in equation(5) by ^'\z). The condition that the 
stress intensity factors (KO , and (K")., (j = a,b,c,d) satisfy the condition 
(K').+ {K"l =0, ( j = a,b,c,d) 
gives a set of four non-linear equations. These four equations may be 
written as fallows : 
At the tip z = a , 
a > ^ + A,a + A , ) ^ - a ^ [ - H , - H , + H, + H,3+(a-X)(-H,-H,+ H,„+H,,) 
+ (a2-Xa + H)(-H3-H,+ H„ + H„)+{(a2-Xa+n)a-vK-H,-H,+ H, ,+HJ 
1 (G, - GJ (G,G, - G3G,) 
+ —{(M^+M, ^ ^ ) a + (M, + M3 )}] = 0, 
g (G , -G, ) K(k)(G,-G,) 
' ' (4.2-35) 
At the tip z = b , 
ojh' + A,b + A,)7c - a^3[H, + H, - H , - H,3+ (b - X) (H,+ H, - H,„- UJ 
+ (b^- ^ b + n) (H3 + H,- H„ - H,,) +{(b^ - ;ib + n)b - v}(H, + H,- H,,- H,,) 
1 (G, - GJ (G.G, - G.G.) 
- — { ( M 2 + M 3 — ^ ) b + (M,+ M3 )}] = 0, 
g (G, -G, ) K(k)(G,-G,) 
(4.2-36) 
At the tip z = c , 
a„(c2 + A,c + A,)7i-a^^g[H,+ H,-H, -H,3+(c-? . ) (H,+ H , - H , „ - H J 
+ (c^-Xc + M)(H3+H,-H„-H,,)+{(c^-Xc + n)c-v}(H, + H , - H , , - H J 
1 (G3 - G,) (G,G, - G3G,) 
- — { M , + M, ^ ^ ) c + (M, + M3 — '-^ )}] = 0, 
g ^ (G , -G, ) K(k)(G.-G,) 
(4.2-37) 
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At the tip z = d , 
a„(d^+A,d + A , ) 7 i - a ^ [ - H . - H , + H, + H,3 + (d- ;^ ) ( -H, -H,+ H.„+HJ 
+ (d^-Xd + n)(-H3-H,+ H„ + H„)+{(d^-Xd+n)d-vK-H,-H,+ H,,+ H,,) 
+ —{(M,+ M , — ^—)d + (M,+M, — - ^ - )}] = 0. 
g (G, - G,) • ^ K (k) (G.- G,) 
(4.2-38) 
These four equations are solved approximately by numerical methods for 
prescribed aj, b,, Cj, d, and o^/ o ^. The plastic zone size at each of the 
tips a,, b,, Cj and d, is then calculated by |a, - al, |b - b,l, |Cj- c| and |d - d,| 
respectively. 
Crack Opening Displacement: 
To determine the shape of the crack after it has opened due to 
prescirbed loads at infinity the crack face opening displacement is 
calculated. The displacement in the y - direction in the plane y = 0 is 
given by Harrop [37] as 
u = — Im[l <|>(z) dz] (4.2-39) 
" E 
where E is Young's Modulus, Im [ ] denotes the imaginary part of the 
quantity in the bracket. 
The relative opening of crack face, u , in direction perpendicular to 
their rims is obtained by integrating the non-singular terms of the potential 
<|)(z). This potential <|>(z) is obtained by superimposing the non-singular 
terms of the potentials <|>^ (z) and <|>^ (^z) for Problem I and Problem II, and 
is given by 
io g 
<l)(z) = '— (u, + u, + u, + u,) X(z) (4.2-40) 
2n 
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Substituting from (4.2-40) of (t>(z), the crack face opening displacement 
u^is given by equation (4.2-39) as follows : 
u^  = - - ^ (u, + u, + u, + u,)J X(z)dz (4.2-41) 
7CE 
The integral involved is computed numerically. 
Discussion : 
A case study is carried out to study the behaviour of load required 
to close the plastic zones. The two cracks under consideration are unequal 
in length and are collinear. The lengths of the cracks are kept fixed and 
inter-crack distance between the two cracks is varied. The crack length 
ratio of two cracks L, and L^  is taken to be 1:1.2. 
Fig.2 shows the load ratio (tensile load applied at infinity / the yield 
point stress of the plate) required to close the plastic zone developed at 
the tip aj of crack Lj. It is observed that as the size of the plastic zone is 
increased more load is required to close it. Also it may be observed that 
when the two cracks are moved their effect on each other diminishes and 
a bigger load is required to close it. 
Fig.3 shows the variation of load ratio at other exterior tip d as the 
plastic zone size is increased at the tip dj. The graph is plotted between 
load ratio and plastic zone size for various inter-crack distances. As 
expected, the similar behaviour of the load ratio is observed at the tip d, 
of the crack L ,^ as was observed at the tip a of the crack Lj shown in 
Fig.2. It may be noted that the plastic zone size being bigger at the tip dj, 
more load is required to close as compare to that at the tip a,. 
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Fig.4 depicts the load variation versus plastic zone length at the 
interior tip b of the crack Lj. As the plastic zone size is increased more 
load is required to close. Also when the distance between the two cracks 
is increased more load is required for the closure. 
Load variation against the plastic zone length at the tip c, is plotted 
in Fig.5. It is seen that the variation pattern remains the same as in Fig.4 
at the interior tip b,. But the load required to close the plastic zone is 
almost three times as that shown in Fig.4. 
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CHArX^K-5^1 
GENERALISED DUGDALE M O D E L APPROACH 
5.1 Introduction : 
The elastic analysis of stress distribution in vicinity of a crack using 
complex variable method was given by Muskhelishvili [60]. Using his 
technique, Dugdale [23] proposed a 'strip yield model' giving elastic^ 
plastic analysis for determining plastic zone size ahead of crack tips. 
The effect of partial closure on stress intensity factor of a Griffith crack 
opened by a parabolic distribution was investigated by Bumiston and 
Gurley [16]. A photo-elastic study for determination of plastic zone size 
ahead of a crack tip contained in a thin sheet under uniaxial loading has 
been carried out by Mishra and Parida [58]. The model was modified by 
Harrop [37] for cases when plastic zones were closed by a cohesive normal 
parabolic stress distribution. The Dugdale model is extended by Theocaris 
[84] for the case of two unequal collinear straight cracks when the plastic 
zones developed at the four tips were separated. 
87 
Recently, Chen et al. [18] gave a Dugdale model for hardening 
materials under plane stress conditions. A Dugdal model is extended to 
cases combining mode I, II and III based on the Von Mises yield criterion 
by Nicholson [66]. A numerical study of crack-tip plasticity in glassy 
polymers has been carried out by Lai and Giessen [47]. 
5.2 Two Unequal Cracks With Coalesced Plastic Zones-The 
Generalised Dugdal Model Approach : 
In this chapter, the Dugdale model is extended to the case when an 
infinite thin plate is weakened by two unequal cracks with coalesced 
plastic zones. The model is modified when the plastic zones developed, 
due to the remotely applied tension, are closed by linearly varying 
normal compressive stress distribution. Complex variable theory of elasticity 
has been used to obtain closed form expressions for plastic zone size and 
crack opening displacement. 
Basic Formulae : 
Stress components x^ ,^ T , and x and displacement components u^ . 
and Uy may be expressed in terms of two complex potentials <j>(z) and \\/ 
(z), as developed by Muskhelishvili [60], as 
T^- ix^ = iK2) + M/( z ) - ( z - i ) f ( z ) , (5.2-1) 
2M(u^ + i u J = K(t>(z)-v| /( i)-(z - • i ) f ( z ) , (5.2-2) 
where a bar over a function denotes its complex conjugate. A prime after a 
function denotes differentiation with respect to the argument, while a comma 
after a function signifies partial differentiation with respect to the subscript 
S8 
following it. The elastic constant n denotes shear modulus and K== (3-4V) for 
the plane strain case and K= (3-V) / (1+v) for the plane stress case, v being 
Poisson's ratio. 
Let us consider a homogeneous, isotropic elastic infinite plate in the xy 
plane containing n straight cracks L (i=l, 2, 3, ...n) lying on the real x-axis. 
Dual problems of linear relationship are obtained using (5.2-1), when flie rims 
of tiie cracks are acted upon by stresses x^^ and x* .^ The two Hilbert problems 
so obtained may be written as 
(|»Mt) + M/-(t) = T^„-it^„, ^ (5.2-3) 
on L 
(5.2-4) (|>-(t) + l|/^(t)=T- - i T - , f 
yy xy 
where L = S"^ , L , under the assumption liniy^ [ y<|>'(t+i y)] = 0 . 
Superscripts + and - indicate the limiting value of the function when 
any point t on the crack, other than end points, is approached from the 
positive y-plane (y>0) and the negative y-plane (y<0), respectively. 
The solutions of (5.2-3) and (5.2-4) for complex potentials ^ (z) 
and v|/ (z) may be written, as 
*(z) = 4^„(z)+{T„(z)/X(z)}, (5.2-5) 
H/ (z) = M;„ (Z) + {T„ (z)/X (z)} , (5.2-6) 
p(t) X(t) q(t) X(t) 1 
where ^^ (z) = J^  dt + J, dt CT^ , (5.2-7) 
t - z t - z 2 
p(t) X(t) q(t) X(t) 1 
M^o (z) = k dt - 1, dt + — a„ , (5.2-8) 
t - z t - z 2 
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o^ being the tension applied at infinity, 
P(t) = y [ T;^+ ^ ^ 1 - -^ [ T%+ T-^l. (5.2-9) 
1 i 
q(t) = — [ r -T ] [T* +T ] (5.2-10) 
and X(z) = n [(z - a.) (z - b.)]» ^  (5.2-11) 
i = 1 
aj and b. are the end points of the crack L. and 
P (z) = C„ z» + C, z°-'+ +C . (5.2-12) 
The constants C (i = 1,2,3, ,n) are determined by the 
condition of single-valuedness of displacement at the rims of the crack 
and Cp is determined from the boundary condition at infinity The stress 
intensity factor, K= (Kj- i K )^, at the crack tip z = z,may be calculated, as 
given by Cherepanov [19], from 
K = K,- i K^  = 2^2^ lim [(z-z,)''^ ^ (2) ], (5.2-13) 
Z->Zj 
where (j) (z) is obtained from (5.2-5) 
Statement of the Problem: 
An infinite, homogeneous, isotropic elastic-perfectly plastic plate 
under the condition of plane stress occupies the xoy plane. The plate is 
cut along two hairline, unequal, coUinear and straight cracks L, and L2. 
These cracks lie on the ox axis of the xoy plane. The crack Lj, following 
the notations of Theocaris [84], occupies interval [a,, b j and L^  occupies 
[Cj, dj] (Fig.l). The configuration thus obtained is subjected to uniform 
constant unidirectional tension, a^, at infinite boundary. The tension acts 
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in a direction perpendicular to the rims of the cracks L,and 
Lj.Consequently the faces of the cracks L, and L^open forming the plastic 
zones ahead of the tips a,, b,, c, andd,. 
The prescribed tension at infinity is increased to the limit where the 
plastic zones developed at the tips bjand c, get coalesced. Thus there 
remain only three plastic zones F,, F^ and F3; F, occupies the interval 
[bj, c , ] ; F2 occupies the interval [a, a,] and F, occupies the interval [d,, 
d]. Each rim of the plastic zones in turn is subjected to a cohesive, normal 
stress linear distribution T = t a , where a is the yeild point stress and 
t is the x-coordinate of any point on the x-axis and denotes a point on 
any of the plastic zones. 
Solution of the Problem: 
The solution of the problem stated in above is obtained by 
superimposing the solutions of two component problems contributing 
towards the stress singularity at the tips of the cracks. These two problems, 
termed as problem I and problem II are appropriately derived that stated in 
above. 
Problem I 
The configuration of the Problem I is an infinite, homogeneous, 
isotropic and elastic-perfectly plastic plate bounded by the xoy plane. 
The plate is cut along a hairline straight crack Rj which occoupies the 
interval [ a,d] on the ox-axis of the plate. The rims of the crack Rj are 
stress free. At the infinite boundary uniform, constant and unidirectional 
tension a^ is applied perpendicular to the rims of the crack. The complex 
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potentials (|>' (z) for this case may directly be written, using Muskhelishvili 
[60], as 
a a+d 1 
¥ (z) = —^ ( z ) - - CJ., (5.2-14) 
2iX(z) 2 4 
where X (z) = V(z - a) (z - d). (5.2-15) 
The superscript I denotes that the function refers to Problem I. Thus the 
problem is completely solved. 
Problem II 
A stress free infinite, homogeneous, isotropic and elastic-perfectly 
plastic plate is occupying the xoy plane. The plate is cut along a straight 
crack R, (= T^ ULjU TjUL^ U F,) which lies on ox-axis in the interval [a 
, d] and is subjected to tensile stress x^= ta^^ along its parts T. (i= 1,2,3). 
Fj, Fj and F, occupy the intervals [b,, c j , [a, a,] and [dj, d] respectively 
on the ox-axis. The remaining parts of the rims of Rj are stress free. 
The solution of the dual Hilbert problems, obtained using the 
condition on the rims of the cracks, is as follows : 
W " ( t ) r + [M/"(t)]-=ta^^, (5.2-16a) 
[*"(t)l-+[v|/"(t)r=ta^^, (5.2-16b) 
3 
on F,= U F.. The solution, using the Muskhelishvili [60] complex variable 
technique, may be written as 
a , tX( t ) C,z +C, 
<t." (z) = - ^ \, dt + —^ ' , (5.2-17) 
2TtiX(z) (t - z) X(z) 
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where superscript II denotes that the potential refers to Problem II. Here 
X(z) is same as defined in equation (5.2-15). The constants C^ and C, are 
determined by the boundary conditions at infinity and single-valuedness 
of displacements at the rims of crack. After these computations the final 
^" (z) may be written as 
a (a + d) (d-a)2 
•" (z) = ^ [{z } N , - (X^Cz) + } N„- z X(z)N3], 
27iiX(z) 2 4 
(5.2-18) 
where 
-2a,+(a + d) -2Cj +(a + d) -2b,+(a + d) 
N. = sin "' + s in ' sin' 
( d - a ) ( d - a ) (d - a) 
-2d, + (a + d) 
- s in ' + 7t, (5.2-19) 
( d - a ) 
N, = X(a,) - X(b,) + X(c,) -X(d,) + - ? — - N„ , (5.2-20) 
2X(z)X(a,) 2X2(z) 
N3 = ln[ + + (a + d - 2z) ] - ln[ - (d - a)] 
(a,- z) (a,- z) 
2X(z)X(c,) 2X2(z) 2X(z)X(b,) 2X^2) 
+hi[ + + (a+d-2z)]- Inf 
( c - z ) ( c , - z ) (b , - z ) ( b - z ) 
2X(z) X(d,) 2X2(z) 
+(a + d - 2z)] - ln[(d-a)] - ln[ + + (a + d - 2z)]. 
(d,- z) (d - z) 
(5.2-21) 
The Problem II is completely solved. 
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Plastic Zones: 
Lengths of plastic zones at the tips z = d, of crack L^  and z = a, of 
crack L,, are calculated by superimposing the solutions oi Problem 1 and 
Problem II. Note that the direction of applied load is to be reversed in 
Problem II. The stress intensity factors (K'), and (K" )^  for Problem I 
and Problem II respectively, are superimposed. (K' \ is obtained using 
equation (5.2-13) and replacing <j>(z) by <}>' (z) for the Problem I. For 
Problem II, (K" )^  is obtained replacing <|>(z) by <|>" (z) from equation 
(5.2-18) into equation (5.2-13). The condition that stress intensity factors 
at the tip z = a of R, must balance each other, yields the equation 
(d-a) 
7ca„ - a^ ^ (N, + N„) = 0. (5.2-22) 
Similarly calculating stress intensity factor (K*)jat tip z = d for Problem 
I and (K")j at tip z = d for Problem II and equating them to each other, 
the following non-linear equation is obtained 
(d-a) 
Tia,-o^^(N, N,) = 0. (5.2-23) 
The unknowns d and a are calculated by approximately solving non-
linear equations (5.2-22) and (5.2-23) for prescribed a,, d, and o^/o ^. 
Once d and a are calculated the plastic zone lengths at each tip a, and d, 
of cracks L, and L^  are calculated by evaluating | a,- a ] and |d - d,|, 
respectively. 
Crack Opening Displacement: 
To determine the shape of the crack after it has been opened due to 
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prescribed loads at infinity, the crack face opening displacement is 
calculated. The displacement in the y-direction in the plane y = 0 is given 
by Harrop [37] as: 
4 . 
u = — Im [I ^(z) dzl (5.2-24) 
^ E 
where E is Young's Modulus, Im[ ] denotes the imaginary part of the 
quantity in the bracket. 
The component of displacement, u , in y-direction gives opening of 
crack faces in Mode I deformation. To calculate this crack opening 
displacement component, the non-singular terms of potentials ^^ (z) and 
<|>" (z) are superimposed thus we get the potential 
- ia 
* (z) = -^' N, X(z) (5.2-25) 
2n 
Displacement, u , is now obtained using equation (5.2-24) and 
substituting the value of ^(z) from (5.2-25) and then integrating : 
2o -2z + (a+d) (d-a)2 -2z+(a+d) 
u = — ^ N , [ X (z) sin-' — ] . 
' TiE 4 8 ( d - a ) 
(5.2-26) 
The crack opening displacement at four tips a,, bj of crack Lj and c, 
and d, of crack L^  may be written using equation (5.2-26) as 
2a ^ - 2a, + (a+d) (d-a)^ -2a,+(a+d) 
( V . . . r V - N o [ ^ ^ X ( a . ) - - — - s i n - ' • ] , 
* ETI 4 8 ( d - a ) 
(5.2-27) 
2a ^ - 2 d + (a+d) (d-a)^ -2d+(a+d) 
' E T C 4 8 ( d - a ) 
(5.2-28) 
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2o - 2b, + (a+d) (d-a)= -2b, +(a+d) 
' E T C 4 8 (d - a) 
(5.2-29) 
2CT - 2c, + (a+d) (d-a)2 - 2 c , +(a+d) 
( u ) = ^'N„[ X(c,) sin-' ] . 
^^"'=' E7t " 4 ' 8 ( d - a ) 
(5.2-30) 
Discussions: 
An illustrative numerical example is considered to study the variation 
of load ratio required for the closure of the prescribed plastic zone. The 
variation of load required to close the plastic zone at the exterior tips of 
the two cracks has been studied as a function of the increase in plastic 
zone length. The lengths of the two cracks are unequal and in the ratio of 
1:1.2.The interior distance between the two cracks forms the coalesced 
plastic zone. It is termed the interior plastic zone. 
Fig. 2. depicts the behaviour of load ratio as the size of exterior 
plastic zone at the tip a, is increased. The graphs are plotted for different 
inter-crack distances. It is observed that as the distance between die two 
cracks increases, their effect on each other diminishes and more load is 
required for closing them. 
Load variation at the tip d of the crack L^is plotted in Fig. 3. It is 
also observed in this case that as the inter-crack distance is increased, 
more load is required for closure of the plastic zone. It is worth mentioning 
that bigger inter-crack distance means larger interior plastic zone in this 
cases and closure of the plastic zone when crack length is not-too big 
affects the load required to close the plastic zone at the exterior tip also. 
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